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Abstract 

00 

-vj ' We investigate the mapping of conformal correlators and of their anomalies from configuration to momen- 

tum space for general dimensions, focusing on the anomalous correlators TOO, TVV - involving the energy- 
momentum tensor (T) with a vector (V) or a scalar operator (O) - and the 3-graviton vertex TTT. We compute 
the TOO, TVV and TTT one-loop vertex functions in dimensional regularization for free field theories involving 
f^ l- conformal scalar, fermion and vector fields. Since there are only one or two independent tensor structures solv- 

ing all the conformal Ward identities for the TOO or TVV vertex functions respectively, and three independent 
tensor structures for the TTT vertex, and the coefficients of these tensors are known for free fields, it is possible 
, to identify the corresponding tensors in momentum space from the computation of the correlators for free fields. 

^ I This works in general d dimensions for TOO and TVV correlators, but only in 4 dimensions for TTT, since vector 

0^ ' fields are conformal only in d = 4. In this way the general solution of the Ward identities including anomalous 

ones for these correlators in (Euclidean) position space, found by Osborn and Petkou is mapped to the ordinary 
diagrammatic one in momentum space. We give simplified expressions of all these correlators in configuration 
^^ space which are explicitly Fourier integrable and provide a diagrammatic interpretation of all the contact terms 

f— ^ , arising when two or more of the points coincide. We discuss how the anomalies arise in each approach. We 

OQ ' then outline a general algorithm for mapping correlators from position to momentum space, and illustrate its 

application in the case of the VVV and TOO vertices. The method implements an intermediate regularization - 
similar to differential regularization - for the identification of the integrands in momentum space, and one extra 
K^ ' regulator. The relation between the ordinary Feynman expansion and the logarithmic one generated by this 

$H ■ approach are briefly discussed. 









^ claudio.coriano@unisaIento.it, luigi.dellerose@le.infn.it, eniil@lanl.gov, niirko.serino@le.infn.it 



1 Introduction 

The analysis of correlation functions in d-dimensional quantum field theory possessing conformal invariance has 
found widespread interest over the years (see (l!|| for an overview). Given the infinite dimensional character of the 
conformal algebra in 2-dimensions, conformal field theories (CFT's) in 2-dimensions have received the most atten- 



tion, although 4-dimensional conformal theories have also been studied (see for instance [3^l3ll)- In d dimensional 
CFT's the structure of generic conformal correlators is not entirely fixed just by conformal symmetry, but for 2- and 
3-point functions the situation is rather special and these can be significantly constrained, up to a small number of 
constants. 

In several recent works [21| [3|, \^ certain correlation functions describing the interaction between a gauge theory 
and gravity with massless fields in the internal loop and related therefore to the axial and trace anomalies in these 
theories have been analyzed. The interesting property that such anomalous amplitudes contain massless poles in 
2-particle intermediate states has been exposed in these investigations. In particular this has been demonstrated 
in the TVV amplitude in massless QED and QCD, characterized by the insertion of the energy momentum tensor 
(T) on 2-point functions of vector gauge currents (V). This amplitude gives the leading order contribution to the 
interaction between a gauge theory and gravity, mediated by the trace anomaly. 

The complete evaluation of this amplitude in the Standard Model [12] confirms the conclusion of 2l|, namely the 



presence of an effective massless scalar "dilaton-like" degree of freedom in intermediate 2-particle states intimately 
connected with the trace anomaly, in the sense that the non-zero residue of the pole is necessarily proportional to 
the coefficient of the anomaly. The perturbative results of [21| [3|, \^ are also in agreement with the anomaly- induced 
gravitational effective action in 4 dimensions whose non-local form was found in [30| , and whose local covariant form 
necessarily implies effective massless scalar degree(s) of freedom [24|, |26|, [25 1 . This is the 4-dimesnional analog of the 



anomaly-induced action in 2-dimensional CFT's coupled to a background metric generated by the 2-dimensional 
trace anomaly and related to the central term in the infinite dimensional Virasoro algebra [28|. The anomaly- 
induced scalar in the 2-dimensional case is the Liouville mode of non-critical string theory on the 2-dimensional 
world sheet of the string. 

In even dimensions greater than 2 it is important to recognize that the anomaly-induced effective action discussed 
26|,|25| is determined only up to Weyl invariant terms. The full quantum effective action is not determined 
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by the trace anomaly alone, and hence only when certain anomalous contributions to the TJJ or other amplitudes are 
isolated from their non-anomalous parts should any comparison with the anomaly-induced effective action be made. 
The non-anomalous components are dependent upon additional Weyl invariant terms in the quantum effective 
action and thus even in the CFT limit need not agree with the anomaly-induced action, without contradicting 



its validity for determining the anomalous terms 2^. On the other hand these additional Weyl invariant terms 
for simple amplitudes such as TVV can be determined in principle by the Ward identities of SO{d, 2) conformal 
invariance, together with those of gauge invariance for the vector currents. Other triangle amplitudes in 4 dimensions 
such as the graviton-fermion-antifermion vertex function, for which similar considerations should apply have been 
investigated primarily for phenomenological reasons jlj], although this amplitude is anomaly-free. 



From the CFT side some important information is available 271 llSl, llO|. These results concern the TOO - 
with O denoting a generic scalar - TVV and TTT vertices, which are determined by applying the conformal Ward 
identities in Euclidean position space. Some of the vertices, such as the TTT, for d = A are shown in the analysis 
of 271 llSj to be expressible in terms of three linearly independent tensor structures. Imposing the conformal Ward 
identities and identifying these tensor structures directly in momentum space turns out the be technically quite 
involved. The main goal of the present work is to initiate a systematic study enabling comparison of general results 



of 4-dimensional CFT's based on position space analysis such as [271 uM with explicit realizations of anomalous 3 



point vertices in free field theory, most commonly expressed in momentum space. Recent results of studies of three- 
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and four- point functfons in d = 3 in the context of the ADS4/CFT3 correspondence are contained in [9l |25 

For general d dimensions and, specificahy, in d = 4, rather than trying to identify these tensor structures directly 
in momentum space, which is quite cumbersome, it is much simpler to calculate explicitly the TTT correlator for 
specific free-field theories of scalars, spinors, and vectors in one-loop Lagrangian perturbation theory, the reby 
identifying the three linearly independent tensor structures a posteriori with the general CFT analysis of [27|, ll8| . 
A similar method works for the TVV, VVV and TOO vertices for any dimension, while in the TTT case the 
contribution coming from the exchange of a spin 1 field in the loop diagrams is conformally invariant only in d = 4. 
While the imposition of the conformal Ward identities is technically simpler in position space, the appearance of 
massless poles associated with anomalies is very much obscured. Indeed conformal anomalies necessarily arise quite 
differently in momentum space and in Euclidean position space, where the only possibility for anomalous terms 
lies in appearance of ultralocal divergences proportional to delta functions or derivatives thereof at cooincident 
spatial points. Thus a very careful regularization procedure is required to determine these anomalous ultralocal 
contributions which are absent for any finite point separation. The special strategy followed in determining these 
anomalous ultralocal contributions in position space, developed in [27| , merits some comments for its peculiarity. In 
18j the Ward identities are solved in each case by combining a homogeneous solution - obtained for separate (non- 
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coincident) points of the correlator - with inhomogenous terms, identified via a regularization of the same correlator 
in the coincidence limit and with the inclusion of contact terms. The contact terms proportional to delta functions 
and derivatives thereof determine the anomalies. Such a separation, based on homogeneous and inhomogeneous 



terms in the Ward identities cannot be easily carried out in momentum space. Moreover in the approach of 21 1 
the origin of the conformal anomaly as an infrared effect (rather than a result of any UV regularization procedure) 
following from the imposition of all non-anomalous Ward identities and the spectral representation of the amplitude 
was emphasized. In this approach massless anomaly poles at /c^ = play an essential role. At first glance this 
appears to be quite different than the ultralocal delta function terms obtained in the position space approach 
of 27|, Il8l |. Thus the relationship of the several approaches requires some clarification, and this is a principal 
motivation for the present work. The eventual agreement of the two approaches may seem less surprising if it 
is remembered that cooincident point singularities in Euclidean position space become light cone singularities in 
Minkowski spacetime, and these lightcone singularities are associated with the propagation of massless fields, which 
generally have long range infrared effects. 



Our work is composed of two main parts. In the first part, building on the results of [271 118| . we compute 



the complete structure of the 3-point correlators in configuration and in momentum space for a general CFT. In 



particular we generalize our previous studies of the TVV correlator, formally studied by us in 4 dimensions [21 1 
[SJ, IjI in QED and QCD, to d dimensions and for any CFT. We also study the TTT vertex and perform a complete 
investigation of this correlator by the same approach. The analysis is performed in perturbation theory and the result 
is secured by a successful test of all the Ward identities satisfied by this vertex, outlining their derivation and their 
perturbative implementation, and using a symbolic manipulation program written by us. Both for the TVV and 
TTT cases our computations have been performed under the most general (off-shell) conditions, but the remarkable 
complexity of the general result allows us to present here, in a compact form, only the expression for the 2-particle 



on-shell case. We give particular emphasis to the discussion of the connection between the general approach of [27 1 
and the perturbative picture. In particular, we give a diagrammatic interpretation of the various contact terms 
introduced by Osborn and Petkou in order to solve the Ward identities for generic positions of the points of the 
correlators. This allows to close a gap between the bootstrap method of [27], our previous investigations of the 
TVV [2l| [sl, [j] , and the current study of the TTT vertex. We show that the perturbative analysis in momentum 
space in dimensional regularization is in complete agreement with their results. 

It should be remarked that, in general, the momentum space formulation of the correlators of a CFT remains 



largely unexplored, since in many cases there is no Lagrangian description which may justify such an effort, and the 
spacetime formulation remains the only significant one. The use of symmetry principles to infer the general solution 
to conformal Ward identities from some specific correlation functions computed in momentum space perturbation 
theory, allows to collect information about a conformal theory even when a Lagrangian formulation of the same 
correlators is not readily found or may not exist at all. 

This brings us to the second part of our work, contained in section 8, where we discuss a general and very 
efficient procedure to map to momentum space any massless correlator, not necessarily related to a Lagrangian 
description. This part is motivated by the attempt of transforming to momentum space any massless correlator 
given in position space, independently from whether this is Fourier integrable or not. 

The investigation of these correlators in momentum space reveals, in general, some specific facts, such as the 
presence of single and multi-logarithmic integrands which, in general, can't be re-expressed in terms of ordinary 
master integrals, typical of the Feynman expansion. To address these points, one has to formulate an alternative 
and general approach to perform the transforms, not directly linked to the free-field realization^ since in this case 
such representation, as we have just mentioned, may not exist. 

The method that we propose combines a d-dimensional version of differential regularization, similar to the 



approach suggested in 27|, ll8| . In our case we use the standard technique of " pulling out" derivatives (via partial 
integration) in very singular correlators in such a way to make them Fourier integrable, i.e. expressible as integrals in 
momentum space which are well-defined for non-coincident points. This is combined with the method of uniqueness 



221. here generalized to tensor structures, in order to formulate a complete and self-consistent procedure. As in 
27], [iSJ we need an extra regulator (w), unrelated to the dimensional regularization parameter (e). Our approach 
is defined as a generic algorithm which can handle rather straightforwardly any massless correlator written in 
configuration space. The algorithm has been implemented in a symbolic manipulation program and can handle 
correlators of any rank. 

The aim of the method is to test the Fourier integrability of a given correlator, by checking the cancellation of 
the singularities in the extra regulator directly in momentum space, and to provide us with the direct expression 
of the transform. After a few non trivial examples, we will show how to reproduce, by this method, some of the 
results of the conformal correlators discussed in the first part, the VVV and the TOO being two examples. 

Given the large space and scope of this analysis, which is technically quite involved, we will not attempt in this 
work to address the issue of the presence of anomaly poles in the TTT correlator in analogy to what discussed in 
|2ll | [si |j| for the TVV case. Although this is an important motivation for initiating this study, demonstrating the 
existence of the pole(s) requires additional analysis which we do not attempt in this paper. We expect to address 
this final point in a related work making use of the technical framework and building upon the results of the present 
study. 

2 Conformal Correlators and the Trace Anomaly 

2.1 Conventions and the trace anomaly equation 

Before coming to a discussion of the main correlators investigated in our work we introduce here our definitions 
and conventions which will be used throughout. 

The basic trace anomaly equation for a conformal theory in rf . 4 is 00 
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Table 1: Anomaly coefficients for a conformally coupled scalar, a Dirac Fermion and a vector boson 
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whose coefficients /3a, Pb, Pc and Pd depend on the field content of the Lagrangian (fermion, scalar, vector) and we 
have a multiplicity factor ni for each particle species □. Actually the coefficient of R^ must vanish identically 

/3rf = (2) 

since a non-zero R^ in this basis cannot be obtained from any effective action (local or not) [sj, y, l2J] . In addition, 
the value of /3c is regularization dependent, corresponding to the fact that it can be changed by the addition of an 
arbitrary local R^ term in the effective action. Thus only /3q, /3b and k correspond to true anomalies in trace of the 
stress tensor. In dimensional regularization one finds 
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In table [T] we list the values of the coefficients for the three theories of spin 0, i, 1 mentioned, that we are going to 
consider extensively throughout the paper. A{z,g) contains the field-strength of the background gauge field, F°j,, 
and the invariants built out of the Riemann tensor, i?"^-^^, as well as the Ricci tensor Ra^ and the scalar curvature 
R. G and F in Eq. ^ are the Euler density and the square of the Weyl tensor respectively. 
All our conventions are listend in appendix [Xj 

Eq. ([T]) plays the role of a generating functional for the anomalous Ward identities of any underlying Lagrangian 
field theory. These conditions are not necessarily linked to any Lagrangian, since the solution of these and of 
the other (non anomalous) Ward identities - which typically define a certain correlator - are based on generic 
requirements of conformal invariance. For our purposes, all these identities can be extracted from an ordinary 
generating functional, defined in terms of a generic Lagrangian C which offers a convenient device to identify such 
relations. For this reason we introduce the ordinary definition of the energy-momentum tensor 

2 6S _, , „«, , 2 5S 



T^^iz) 



g^'^{z)9''^{z). 



-g, (Sg"^(z) 



in terms of the quantum action 5, so that its quantum average is 



(with detg^i/(z) = gz) where W is the Euclidean generating functional of the theory |f| 
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W = 
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^Equivalent and more popular notations are c = 167r^/3a and a = — 167r^/3i, 

•^W depends, in general, from the background metric gij,y{x), the gauge fields A°'{x) and scalar sources J{x) In the equations below, 
only those dependences which are relevant for the case at hand will be explicitly indicated. 



where Af a normalization factor and $ denotes all the quantum fields of the theory. 
Inserting these definitions in ([T|) and multiplying both sides by \J~~g'z we obtain 

(5W 
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From (HI) and ([7]) we can extract an identity for the anomaly for correlators involving n insertions of energy 
momentum tensors, by taking n functional derivatives with respect to the metric of both sides of ([7]) and setting 
g^lv — Sfj,u at the end. In the same way, the anomalous Ward identity for the TVV can be obtained by functional 
differentiation of the same equation respect to the background gauge fields. In perturbation theory, however, 
imposing the conservation Ward identity for the energy-momentum tensor and of the Ward identity for the vector 
currents - whenever these are present - is sufficient to obtain the corresponding anomalous Ward identity. In the 
case of the TVV, for instance, this is a common practice, since only one term {F"'^'^{z) F'^^{z)) can appear in the 
anomaly. Therefore the anomaly condition comes as a necessary consequence of the other Ward identities and can 
be checked at the end of the computation to correspond to the one derived from Eq. ([T]). Things are far more 
involved for vertices with multiple insertions of gravitons, such as the TTT vertex, and a successful test of the 
anomalous Ward identity is crucial in order to secure the correctness of the result of the computation. 



2.2 Definition of tiie correlators and Ward identities for the TVV and TOO vertices 



We provide the basic definition of the correlators that we are going to investigate, in analogy to 27| . We start from 
the TVV vertex and use the Euclidean convention. We recall that in this case the functional average of the gauge 
current V is obtained by functional differentiation of the generating functional with respect to the background 
gauge field A" 

1 SW 



(V^^ix)) 



g = S,A=0 



(8) 



To construct the TVV correlator we can first perform a functional derivative with respect to the metric followed 
by the flat space-time limit (g^^ = (5^^) and then insert the vector currents by taking derivatives with respect to 
the gauge field source A 
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where T^i/[A] is the energy-momentum tensor calculated in the presence of the background source Af^. The first 
term in the previous expression represents the insertion of the three operators, while the last two are contact terms, 
with the topology of 2-point functions, exploiting the linear dependence of the energy-momentum tensor from the 
source field A. 



The construction of the TOO correlator is analogous. If the scalar operator O is coupled to the source J we 
define 

I SW 



{Oix))=- 



(10) 



g=S,J=0 



and then the three point function is generated as 
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The third correlator that we will analyze will be the VVV vertex, which is defined by the third functional 
derivative of the generating functional with respect to the source gauge field A"^ (x) 
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The VVV is anomaly free, as is the TVV for general (d ^ 4) dimensions. To derive the non-anomalous Ward iden- 
tities for general dimensions we assume that the generating functional lF[^,y4.] is invariant under diffcomorphisms 



W[g,A]=W[5',A'], 
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where g' and A! are transformed metric and gauge field under the general infinitesimal coordinate transformation 

a;^ -> x'P = xt" + e^ 

^ffM^ = V^e^ + V^e^ , M° = e^VaA^ -f A"" ^V^ex , 

DifFeomerphism invariance and gauge invariance give the relation 

Vf.iTf"') + VA^^iV"") + V^ (A^^V^)) = , 
V^,{V''P)+r'"'Al{V'"') =0, 

while naive scale invariance gives the traceless condition 

g^ATn = 0. 
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This last Ward identity is naive, due to the appearance of an anomaly at quantum level, after renormalization of 
the correlator for d — A. It is however the correct identity in the TVV, TOO and TTT cases away from d — A. In 
this respect, the functional differentiation of (fT5|) and ([TTl) allows to derive ordinary Ward identities for the various 
correlators. In the TVV case we obtain the conservation equation 
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and vector current Ward identities 

5SMT^"(a;i)F'^"(x2)F''^(a;3)) = 0, a;^(T^''(a:i)F'^"(x2)T/''^(a;3)) - , 

while the naive identity (1171) gives the non-anomalous condition 
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2.3 Definitions for the TTT Amplitude 



For the multi-graviton vertices, it is convenient to define the corresponding correlation function as the n-tli functional 
variation with respect to the metric of the generating functional W evaluated in the flat-space limit 
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so that it is explicitly symmetric with respect to the exchange of the metric tensors. As we are going to deal with 
correlation functions evaluated in the flat-space limit all through the paper we will omit to specify it from now on, 
so as to keep our notation easy. The 3-point function we are interested in studying is found by evaluating (j2ip for 
n = 3, 
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where the angle brackets denote the vacuum expectation value. Notice that the last term is identically zero in 
dimensional regularization, being proportional to a massless tadpole. The correlator 
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has the diagrammatic representation of a triangle topology, while the contributions 
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'Sgpa{x2)Sgai3{x3) Sgp^{xi)' ' ^Sgai3{x3)Sgi_,^{xi) Sgpa{x2)' ' Sgpa{x2)Sgp^{xi) Sgapix^,) 
are interpreted in the perturbative analysis as the "k", "q" and "p" bubble respectively, also termed "T- bubbles 



In the perturbative realization of these expressions we will also establish a connection between these contributions 
and the extra terms generated at the 2-point coincidence limit of the general 3-point vertices discussed in (27| . For 
a 3-point vertex the dependence in configuration space is labelled as {xi, a;2, Xa) with an incoming momentum {k) at 
Xi and two outgoing momenta q^p at X2 and 0:3 respectively. These conventions are summarized by the transforms 
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for 3- and 2-point functions respectively. 
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2.4 General covariance Ward identities for the TTT 



The requirement of general covariance for the generating functional W immediately leads to the master Ward 

identity for the conservation of the energy momentum tensor given in ()15|) (of course we disregard background 

gauge fields here), 
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and expanding the covariant derivative we can write it as 
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where the first of the three Christoffel symbols is generated by differentiation of l/\/— g^ in the definition of T^i, 
together with 

Kpix^) = ^g"'<ix,)^f,g^.,{x,) (29) 

or, equivalently, as 
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By taking one and two functional derivatives of (I30p with respect to gpa{x2) and gpa{x2) and gap{x^) respectively, 
one gets, in curved space-time. 
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where S{xi,X2) = S{xi — X2) and so on. 

As we are interested in the flat space-time limit, we must evaluate [31] and ((32| by letting the Christoffel symbols 
go to zero. Another simplification is obtained by noticing that the Green's functions 
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are proportional to massless tadpoles, so that we can ignore them in the following expression 
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So the Ward identity for the 2-point function in flat coordinate space-time is immediately seen to be 
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where, due to the vanishing of (p4|) . we have set 
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Obviously, its form in momentum space, exploiting (|26p. is 

p^(T^''Tnb)=0. (38) 

The terms surviving in p2p are those in the first line. In order to make them explicit, we evaluate the functional 
derivative of the Christoffel symbols using (|239|) , (|244p and (|245p , finding 



2 






6{XI,X2) ■ 



(39) 



Sgpaix2) 

where the s tensor is defined by eq. (I245P in the Appendix. Plugging this into ([5^ and using ([571) i the second term 
becomes 



5gpa{x2) Sgai3{x3)dgK.„{xi) 



St^p{T''-{x,)T''^{x3)}d, + 5''''{T''P{xi)T"^{x3)}d, 



{TP''{xi)T°'^{x3))d'' 



6{xi,X2) 



(40) 



A completely analogous relation holds for the exchanged term (gapixs) O gpa{x2))- 
Finally, we can recast the Ward identity ([5^ in the form 



d,{TP-'{xi)TP-{x2)T^^{xs)) 



(TP-{xi)T''^{x3))d^'Sixi,X2) + {T^^{x^)TP^{x2))d^'5{xi,X3) 
5PP{T''%x{)T'-P{x:,))+5^''{T''P{x^)T'-f'{x3)) dJ{x^,X2) 
^^"(r''^(xi)T''-(x2))+<5'^^(T'^"(xi)T''^(a;2))la,(5(xi,X3), 



(41) 



having used the definitions (pi]) and ([22]). 

Fourier-transforming according to (|25l) and (1261) . we get the Ward identity in momentum space that we need, i.e. 



k^{T'"'T''^T'"'){p,q) ^ p" {T''^TP''){p) + q''{TP''T"^){q) 



-Pu 



SP0{T''"TP''){q) + 5P'^{T''f^TP''){q) 



qu 



5^"" {T''PT'^f^){p) + d''P{T'"'T"'^){p) 



(42) 



Similar Ward identities can be obtained when we contract with the momenta of the other lines. These are going to 
be essential in order to test the correctness of the computation once we turn to perturbation theory. 

2.5 The anomalous Ward identities for the TTT 

The anomalous Ward identities for the 3-graviton vertex is obtained after a lengthy computation, performing two 
functional variations of ([7]) and taking the flat-space limit, thereby obtaining 



5f,^{T'"'TP''T''^){p,q) = AA"^'"'ip,q)~2{T''^T'"'){p)-2{T'"'T"^){q) 



1 aPpa , 



1 aPpa . 



= 4 ^/3, {[Fr'^ip^q) -^-[V^gDRr''^{p,q))+P, [G] "'^"^(p, ,) 

- 2 {T^^TP") {p) - 2 {TP^T"'^) [q) , (43) 

where .4"'^''°' (p, g) , AP'''P'^{—k,q) and ^"'^'"^(— fc,p) are generated by the anomaly. We remark, if not obvious, 
that all the contractions with the metric tensor in the flat spacetime limit ((5^^) should be understood as being 
4-dimensional. This is the case for all the anomaly equations. The various contributions to the trace anomaly 
are given in terms of the functional derivatives of quadratic invariants in appendix \C\ Analogous anomalous Ward 
identities can be obtained by tracing the other two pairs of indices. 
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,^ 



■^^ 



Figure 1: The fermion and the scalar sectors contributing to the conformal VVV vertex in any dimension. 



3 Inverse mappings: the correlators VVV, TOO and TVV in position 
space using the Feynman expansion 

Having by now defined ah the fundamental (anomalous and regular) Ward identities which allow to test the con- 
sistency of all the correlator which we are interested in, we now turn to provide the expression of these correlators 
in position space using their realization in free field theory. 

We remind that an important result of [27| is the identification of the solution of the Ward identities in terms 
of a set of constants and of certain linearly independent tensor structures in (Euclidean) position space. Since 
these same tensor structures must occur in direct computations of the same vertex functions in free field theories in 
momentum space, we can use the one-loop computations of the vertex functions in momentum space to infer what 
those tensor structures must be, and find the exact correspondence between CFT amplitudes in position space and 
momentum space a posteriori, provided that we have enough linearly independent vertex functions for different free 
theories to determine the linear combinations uniquely. We call this procedure an " inverse mapping" , as it allows 
to re-express the correlators of [27| in such a form that their Fourier integrability is explicit. This result is obtained 
by pulling out derivatives of the corresponding diagrams in such a way that integrability becomes trivial. More 
details on this procedure is contained in section 8. 

We start with the VVV vertex function. The two types of diagrams contributing to the general conformal 
expression of the VVV in any dimensions are shown in Fig. (I3|). In [27|] the VVV, as all the other correlators, are 
fixed by general CFT requirements. It takes the form [27|] 



{v:{x^)v,\x2K^{x,)) 



f 



abc 



ixhr^'-' {AzY'^ 



^\U2 )d/2-l I (" " 2^) ^23^-^31 >. ^12 p 



- b 



-jT ^23 II Ivp(x2d,) H — X3I1, Ifj,p{x3i) -\ — ^12 p Itiuixi2) 



^-23 



''SI 



=-12 



where /"^^ are the structure constants of the gauge group, Ip,u{x) is the inversion operator defined as 



(44) 



/A"^(a;) = 5^"' 



(45) 



and 






3 1 



Xi, 



Xji — 2 2 ' ^jJ:"- — Ij^i'J- 



^ik ^jk 



(46) 



The correlator is Fourier integrable, although this is not immediately evident from (l44l) . The simplest way to 
prove this point consists in showing that ()44p can be reproduced in d-dimensions by the combination of the scalar 
and the fermion sectors of a free field theory. For this purpose we use two realizations of the vector current V", 
using scalar and fermion fields 



v^ = <i>*t-d^^-d^rt^^, y; = v;t''7^^. 



(47) 
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The diagrammatic expansion of this correlator consists of two triangle diagrams, the direct and the exchanged, 
both in the scalar and fermion sectors. Using the Feynman rules in coordinate space we obtain, after some manip- 
ulations 

^ J^abc 1 



where 



(49) 

^t^avppi = -^Tr [7^7a7i'7/37p77] . (50) 

and Cf^Cs are normalization constants whose numerical values are irrelevant here. Written in these forms, the 
two expressions are manifestly integrable. Tracing over the 7 matrices and applying the derivatives over all the 
denominators, we generate the result of f27| by taking a linear combination of these two sectors 



{V;{x,)V'Ax,)V;{x,)) = [atl^^ + bt%)i (^2^),/2-i(^/)t2-i(^2^)d/2 



(51) 



where 



Cp = -^[(^Adf + df){df + d]^){df+df)-\Cf>^ (52) 

^tivp = ^ id — SV^ ^A'ai'/3p7^12^23^31 ' (53) 

The equivalence between this expression and Eq. ()44p can be verified explicitly. 

3.1 The TOO case 

The next correlator that we are going to investigate extensively is the TOO. The structure of this function in 
coordinate space - for non coincident points - is given by [27[ 

(T^.(xi) 0(X2) 0{X^)) = (^2^)rf/2 (x2^)"^^/2 (^2^)rf/2 ^P^'(^23) , (54) 

where a is a constant, 77 the dimension of the scalar field O and where 

"V^ ... 1 

V A^ " 



In the short-distance limits of its external points this vertex is singular and needs regularization. In 27| the authors, 
in their direct solutions of the Ward identites, introduce some extra terms which are given by 



where 



^^"^(3:^12) -^A"^ (3:^12) + ^^1.(2^31) - ^A"^(a:^3i) f 2 \n ' (^5) 

-' 12:23) 

^-(" = ? (^ - >-) ' -<-<»' = -4 {1^2^^ + 'l^S,S,,^6'i.)) . (56) 

These are contact terms. In the expression above Sd denotes the volume of the d-dimensional sphere, Sd = 
2 7r2/r(d/2). The delta function term in A reflects the arbitrariness typical of any regularization scheme, and its 
coefficient is chosen to satisfy the Ward identities. 
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3.1.1 Manifest integrability of the CFT result and comparisons with free field theory 

Expanding the previous expression and bringing it in tlie derivative form we obtain 



(V(xi) 0(2:2) 0(0:3)) = 



d~2 



1 



/2-1 



SdSf,u " '"'7^2 ,"„ '"~""' ■ (57) 



xh^ls + ^31^23 - i^h)'^ (5^^ V-d+^os; ^''(2:12) + <5''(a;3i) 



{42r^'i43r'-'/'+'i4ir/' d 



dr] 



(a^ia)" 



Notice that the first term of the second line proportional to S^i, is not manifestly integrable. As we have already 



mentioned, one can use identities such as x\2 

{^3? 



■''12 ■''23 + ■'31 -^23 



^13 ^ 

2 



''23 



2x12 ■ 2^13 in order to rewrite it in the form 



{42Y'H43Y'H4iY'^ (rf-2) 



512^31 M 



2 At 



{xhY'^-^{4iY'^-'{43Y-'"^^' 



(58) 



which shows its integrability when rj < d— 1. 

In order to test the consistency of the result ((54)) obtained from the application of the conformal Ward identities 
for the TOO, we can consider a particular scalar free field theory. We suppose for instance that the scalar operator 
O is given by O = ^^ with dimensions 77 = d — 2, whose energy- momentum tensor T is given by 



T, 



^V 



9^0 9^0- 7:<5u,.9Q0a"0 + 



1 d-2 



4 d- 1 



Suyd"^ - da du 



(59) 



which is conserved and traceless in d dimensions. 

Using the Feynman rules in coordinate space together with the expression of a scalar propagator we obtain the 

T0202 correlation function 



{T^,.{xi)ct>\x2)cf>\xz)) 



2a{d-l) 
d{d-2Y 



Q12Q31 



12o31 



dfd: 



Su.d'' ■ d- 



12 q31 



d~2 

2{d-l) 



:531 






12q31 






+ dl^dl'+5,^{d!,+d!,^2d''-d'')^ 



i42Y/'''i43Y/'-H4iY/ 



2-1 



d{d-2 



■Sd5au- 



2 \d-2 



(2^23) 



(60) 



The equivalence of this expression with the solution given in ()54p can be explicitly checked by performing the 
derivative of (j60p and expanding the result. We remark that (j60p is clearly integrable and does not require any 
intermediate regularization. The first term in the previous expression comes from the triangle topology diagram 
while the last two, proportional to the delta functions, are contact terms with two-point topology. 

3.2 The TVV case: integrability and free field theory realization 

To identify the diagrammatic structure of the TVV correlator we can proceed with an inverse mapping. In fact, we 
know from 27[ that such solution is characterized by 2 constants when the 3 external coordinates {xi,X2tX^) are 



separated. This homogeneous solution has to be modified by the additions of extra contact terms {A — A) terms 
which have the topology of 2-point functions. 

The homogeneous solution is then modified further by the addition of a 1/e counterterm - in dimensional 
regularization - to regulate its ultraviolet behaviour. This regularization procedure is crucial to obtaining the 
anomalous contribution. We will come to a discussion of this point once we move completely to momentum space. 
Before that let us provide a diagrammatic interpretation of the various contributions to this correlators, except for 
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the contribution coming from the countcrtcrm, using the information that in any dimension this can be constructed 
as a hnear combination of two independent sectors, the fermion and the scalar. Therefore we get 



{T^u{xi)V:^{x2)Vl{x^)) 



I=f.s 






(61) 



where the sum is over the fermion (f) and scalar (s) sectors. In a diagrammatic expansion, all the terms above have 
a diagrammatic interpretation, which will turn useful in order to derive an integrable expression of this vertex. 

Using the Feynman rules in configuration space one can obtain the following parameterization of the TVV 
vertex for fermions within the loop. 



,gab 



1 



{xl^Y/^-YAzY'^~'{4iY' 



2-1 



(62) 



where A^paa/ix is defined in eq. ([50)) and A^^pa- in Appendix [Dl This contribution alone is not sufficient to satisfy 
all the inhomogeneous Ward identities and we must consider also the contributions coming from the contact terms. 
In the framework of the analysis of J27| , in which the correlation functions are obtained exploiting the symmetries 
without any reference to their perturbative structure, this is less evident. In fact in 27| the arbitrariness in 
the regularization procedure is exploited in order to impose the Ward identities by hand. This is achieved by 
introducing the differentially regulated expressions proportional to A — A, which will be given below. These terms 
exactly correspond to the contributions proportional to 2-point functions discussed above, as we are going to show 
in a moment. The two contact terms identified by the diagrammatic expansion are given by 



6TpYA]{xY , f 
^ dA--{x2) ^^(^3))^.o 

^ 5A»^{x,) ^"^^2))^.o 



cS 



d(d- 2)2^'"^'(^12)A^,„^p,93^1^^2Jd/2-1^31 (a.2^)d/2-l 
y-^SdS ix3l)^p^pap„d!^2 ^^2 )d/2-1^31/ 2 \d/2-l 



d{d - 2) 



with 






Sai^SpaSfjp + 5an5f}aSi,p + 5av5pp5pa + Safj.Sj3pSi,a — SavSppSpcr — Sap^pySp^ 
— 25p,j {5ap5pcr + 5aa5pp — 5af}5pa) . 

In the scalar sector the TVV correlation function can be recast in the manifestly integrable form as 



(63) 
(64) 

(65) 



{TpYA]{xYVS{x2)V'p{x,)YA^, ^ cS'^'^^^-^ 






gl2g31 



Sp.d''-d'' 



d-2 
2(d-l) 



- dll - dll + d]Ydl' + dYdf + Sp^ {dh + dl - 28^' ■ d'Y 



^{d]Y + df){df + df) 



{xl,Y"-Yxl3Y^^'Yxl,Y"~' ■ ^^^^ 

This contribution originates only from the triangle diagram. This term corresponds to the expression given in [27 1 
(for non coincident points) for the same correlator. The only differences are in the 9^2 ^^'^ ^li terms which are 
proportional to 5p^, which vanish in the non-coincident point limit and are given by 
rA"'' 1 



d{d-2Y 

20 5"^ 
' d{d-2) 



s,Adl2 + dlY{d]Y + d^Y){df + df) 



{xl^Y"-Yxl3Y'^-Y4iY'^- 



SdSfj.u 



d'Y {df + df) 



5'^{xi 



(xi3)^/2-l(xii)^/2- 



, + df {di' + dl') 



sYxsi 



(x\2)''i^-YAY^'^ 



(67) 
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They have the topology of 2-point functions. These terms, together with those arising from the triangle diagrams, 
correspond exactly to those identified as A — A [27], which have been introduced in order to satisfy the Ward 
identities (contact terms) 



;^^^,^^C(^2)>^.o = '^y^^)!^ g.'^'^(^3i) (Of + 9f )5., + (af + 9i2)<5,, - S,Adl' + df)) X 



x(5«' + 5^')7ZTw753l^7^pi7^- (69) 



{A2Y'^~KA,Y'^~'^ 



This expression is in complete agreement with the solution given in 27|, to which we refer for further details 



gab 

{T^u{xi)V^{x2)V^{Xi)) = ^^2 )rf/2(^2 )d/2(^2 )rf/2-l -^^^ (^12) -^/3p(^31 ) Vp^ (-^23) 

^P/3(a;23) 






Afj,uap\Xl2) Af^uap\X\2) 
Ap^a^ix^l) - A^u<yp{Xil) 



{xl,Y-' 

ixi,r-'' 



(70) 



which is expressed in terms of tensor structures whose coefficients, denoted as a,b,c and e in [27], satisfy two 
constraint equation, and of contact terms A and A which are given in [27|. For this reason, only 2 independent 
constants are left free to parameterize any conformal correlator of this type in d dimensions. In the notation of [27| 
e = and hence 6 = 0, so that there is only one independent structure. A final comment concerns the issues of 
renormalization. These expressions are unrenormalized. The issue of renormalization will be addressed by discussing 
in parallel the position and the momentum space approaches, that we will do starting from the next section. For 
this reason we turn to specific realizations of theories containing scalars and fermions - which are conformal in any 
dimension - and vectors, which are conformal for d ~ 4. 

4 The TTT Amplitude 

4.1 The correlator 

Now we are ready to turn to the analysis of the 3-graviton vertex. The general structure of the < TTT > correlator 
in momentum space is [27| 

(T^^(xi)r''-(X2)T"^(X3)) = , , .,,, . /.,,,. , tmV^'jpV.'^mV'pV'./^(^^^) (71) 

(X^2)' (2^23) ' (2^31) ' 

2:M^,a/3(g) ^ /'^''(s)r'^(s)eT'""'"'^ , s = x-y (72) 

where 

ET^"'"'^ = - [S^^^S"^ + 5^'^5''°')-- 5^"'5°'^ (73) 

is the projector onto the space of symmetric traccless tensors. 

We perform the computation of the 3-graviton vertex TTT in free field theory, for d = A, in all its 3 relevant 
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Figure 2: One loop expansion of the 3-graviton vertex. Shown here are the general topologies, i.e. the triangle and 
the self-energy type (T-bubble) contributions for the fermion case. The general correlator for any CFT in d = 4 
can be obtained by adding to these diagrams similar ones where the fermion is replaced by a scalar and a photon 
in the loops. Ghost corrections follow the same topologies. 



sectors, the conformally coupled scalar, the fermion and the vector, since in this case the general solution of the 
Ward identities, for any CFT, is parameterized by 3 independent constants. This corresponds to the most general 
anomalous solution. For d =/= 4 the spin-1 sector is not conformally invariant and we can't build the general 
expression just by superposing the scalar and the fermion sectors. However, the combination of the scalar and the 
fermion sectors corresponds to an anomaly-free special solution also for generic d [18[ . 

As we have already mentioned above, the correctness of our results has been checked first by a complete test of 
all the Ward identities for each case, which is already a nontrivial test to pass, given the large complexity of the 



computations. At the same time we will show that the countcrtcrm introduced in [27l.ll8l| in position space, which is 
extracted from the general expression of the trace anomaly when d — -i, coincides with that required in momentum 
space using dimensional regularization. The connection between the two methods will be discussed thoroughly. 



4.2 Inverse mapping for the TTT Amplitude 

As done before for the (VVV), (TOO) and (TVV) correlators, here we check the result ([7T|l building explicitly 
the correlator from the diagrammatic expansion in free field theory. This allows to come up with an expression 
for this vertex which is manifestly integrable. We will be using the Feynman rules obtained from the Lagrangian 
descriptions for scalars, fermions and spin 1 in configuration space, given in section [5] We start testing the non- 
coincident case, for which we can omit the contact terms. This corresponds to the "bulk" contribution to the 
correlator, which involves only the triangle topology. We give the d-dimensional expression for the scalar and the 
fermion cases, while - as already remarked - we have to limit our analysis to d = 4 for the spin-1 vector. Moreover, 
in the vector case the gauge-fixing and ghost parts of the amplitude have to cancel since the vertex is obviously 
gauge invariant. This has been explicitly verified in the computation in momentum space (see section [6. 4[) . So, in 
performing our inverse mapping, we include in the interactions vertices only the Maxwell V contributions, omitting 
ghosts and gauge-fixing terms. We have 



SS 



SS 



SS 



5g^u{xi) 5gpa{x2) 5gaii{x3,)' 



f = C^TTVZA^^'^~^^'')Vr,A^^'^-^^'')V^^J^^'\-^^'') 



{xi,r/^-Hxi,r/^-Axi,r/^~^ ' 



(74) 



6S 



5S 



SS 



''Sg^y{xi) Sgpc{x2) Sgafi{,xz) 
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+Tr[V^l^{^^'\-^^'')^^■ ^^'V-|^{^^^^-^^'')^^■ ^'^V^l^{^^'\-^^^^)^^■^'^] 



{xl^r'^-HA,Y'^-'{4iY'^-' 



(75) 



^^ ^^ ^^ '' = C¥rTi~lrvrA'J{^^'^-^^'')VrA%^'^-^^'')V-^Ti^^'\~^^'') 



^9ti.v{xi) Sgpa{x2) Sga/sixs) 



/-v>"^ rft^ fy^ 



(76) 

^-12 -^23 -^31 

Notice that this last term enters only for d = 4. Here and in the following, the dependences of the vertices on 
the coordinates are obtained by replacing the momenta of (O with appropriate derivatives respect to the external 
position variables. For instance 



with 



Explicitly 



Vr^iP^ q) ^ Vr,4p, q) = Vr,,{^ d'\ -^ d'') (77) 



p-^id^'^ q-^-i d^^ (78) 



+ X (^^^ (^ du - I 923)' - {^ af2 - « ^2^3) (* Sr^ - I ^2^3) ) • (79) 

The replacements of p, q and /, by the operatorial expressions p,q and I in 12. 311^751 are specific for each vertex. In 
appendix [E] we provide some more details on this procedure. Notice that we have chosen the coupling parameter 
for the scalar field in d dimensions at the corresponding conformal value X= {d— '^)l^{d — 1). 

Expanding the derivatives contained in each vertex, the expression given in (j7ip is recovered by setting 

C|tt = - ^3 (rf_ 2)3' ^^TT= Sl[d-2Y' ^^^^=5f ^^°^ 

We compute next the contributions with the topology of 2-point functions, which are needed to account for the 
behavior of the vertex in the short distance limit. In coordinate space we can write them in a manifestly integrable 
form by pulling out derivatives in the same way as for the triangle diagram. We replace the momenta with derivatives 
with respect to the corresponding coordinates acting on propagators, obtaining very compact expressions for the 
vertex. We offer a few more details on this computation in appendix |E1 quoting here the result. In the scalar case 
we have 



Sgfj.uixi)Sgal3ix3) 5gpa{x2) 2 

^('^'(2^31 



(^?2)'/'-n^i3)''/ 



2-1 



^'^S ^S \S _ (^P ^rap 



'5gf,Axi)5gpa{x2) Sg^^ix^)' " 2 ^**' ' ' '^^^^ 

"" {xi,r"-'{xi,Y/^-^ 
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Vf,A^^'\-^^'')VrTt{^^'^-^^'\-^^'' + ^^'^) 



s^s 



ss 



5gai3{x:i)Sgpcj{x2) 5g^_,i,{xi)' 



<3 

2 



^V}^;^{^^^\-^^^^)Vf^ll{^^^\-^^^\^^^^-^^^^) 



5W( 



2^23) 



(^:,l^Yi2-i(^^l^m-r 



(81) 



Notice that in the three contributions above, the p, g, and / dependence of the vertices correspond to mappings into 
p, q and I which are specific for each T-bubble. Similarly, in the fermion sector we obtain 



S'S 



6S 



5g^u{xi)5gafi{x3) 5gpa{x2) 



r = ~C^ S^'^ (x,,) tr [V^-/J^ d'^ -^ d^') * 7 • ^''V^lA^ d'\ -z d'^) * 7 • 5^^] 



1 



{xl^Yi^-^{xl^Y/^-^ ' 

and similar expressions for the k— and p-bubles. Finally, for the spin-1 vector field we obtain 



''5gpi,{xi)5gai3{x'i) 6gp„{x2)' 



2 



-^ 5W(X31) F^^^7i^(z al^ -Z 9^3) l/^T/(* 5^', -* a-) ^;;^-^ , 



5l2\ "Ct "x^ 






(82) 
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and similarly for the other bubble-type contributions. 

Notice that this expression is affected by terms proportional to derivatives of 5 functions. We refer to appendix 
lEl for more details on the specific structures of these terms in momentum space, where we illustrate this point in 
a simple case. The complete structure of the TTT vertex in position space is obtained by combining the triangle 
and the "K","P" and "Q" -bubble topologies in the form 



{T^^%x^)TP%X2)T"P{x^)) 



I=S,F,V 



5S 



SS 



SS 



S^S 



SS 



Sgf.i'ixi) Sga-p{x3) Sgap{x2) 

S^S SS ,r . 



S^S 



SS 



Sgp.u {Xl ) Sgal3 ix3 ) Sgpcr {X2 ) 



j.v{xi)Sgp„{x2) Sgapixs) 5gap{x3)Sgpa{x2) 5gpu{xi) 



(83) 



This expression is in agreement with the form of the energy- momentum tensor three point function given in [27 1. 
The integrability of this result is manifest, due to the (d/2 — 1) exponent of each propagator in position space, 
which corresponds, generically, to a 1/P behavior in momentum space. The vector terms, which exist in d = 4 are, 
obviously, Fourier integrable. 



5 Moving to momentum space using Lagrangian realizations 

At this point we use again the free field theory representation of these correlators to study their expression in 
momentum space. This will allow us to perform a direct comparison between position space and momentum space 
approaches for correlators affected by the trace anomaly. We start by investigating the perturbative structure of 
these theories and derive the corresponding vertices. 

The actions for the scalar and the fermion field are respectively 



^scalar 



lld^x. 



-g 



s 



fermion 



(fx V Va 



5^"V^0V.0-xi?' 



V;7"(2?pV')-(2?p^)7"V' 



(84) 
(85) 



where x is the parameter corresponding to the "improvement term", that we have chosen to be 1/6 in the diagram- 
matic calculation so to deal with the classically conformal invariant theory. Va^ is the vielbein and V {— \/—g) its 
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determinant, needed in such a way to embed the fermion in the curved background, with its covariant derivative 

1 



Pp as 



V„ 



da 



du 



^aP 



^'"'Va'^'^^Vp, 



(86) 



The T,"^ are the generators of the Lorentz group in the case of a spin 1/2-field. 
The action S for the photon field is given by 

Sphoton = SHJ + Sgf + Sgh , (87) 

where the three contributions are the Maxwell action, the gauge fixing contribution and the ghost action 

1 

\2 



Sgh = 



1-^ j d^x.J—g{V^A'^f 



We will be using Euclidean conventions for the generating functional, given by 

1 



W = 



N 



VAf.VcVce-^'^^'^^'''' 



We will omit the "E" subscript from now on, as already done in (|6]), to keep our notation easy. 
The energy-momentum tensor is defined in ^, which becomes, in the fcrmionic case, 

1 A *\ 

~ V sv"^ ■ 

This tensor is not symmetric in general, but its antisymmetric parts do not contribute to our calculations, so that, 
for our purposes, we can adopt the symmetric definition 

S 



(88) 
(89) 
(90) 

(91) 
(92) 



2V\ SV"', 



V° 



SV^, 



as well. The energy-momentum tensors for the scalar and the fermion are 



scalar 



ferni 



V^0V>-i5'^'^g"^V„0V^0 + X 



- g^"" R - R''" 
2 



V 



gi^PV„-'g''PVj'-2g^^-Vo. 



^^7" (I?pV)-(2?p^)7"V' 



while the energy-momentum tensor for the photon field is given by the sum of three terms 



^QED ~ -^M + J-gf + ^gh : 



with 



^ M 



rpl-iU 

^9f 



1 



= j{A''V''{\7pAP) + A''V^'iVpAP) ~ g'^'lAPVpiV^A" 



li^pA")']}: 



rpllf 



(93) 

(94) 
(95) 

(96) 

(97) 

(98) 
(99) 



= ^^'c^''c + ^''c^^'c~g^'''^Pc^pC. 

The computation of the vertices can be done by taking (at most) two functional derivatives of the action with 
respect to the metric, since the vacuum expectation values of the third order derivatives correspond to massless 
tadpoles, which are zero in dimensional regularization. Given the complexity of the result and to avoid any error, 
we have checked that all the expressions obtained for the 1-loop vertices satisfy the corresponding Ward identities 
derived in the previous sections. They are given in Fig. [3] and their explicit expressions have been collected in 
Appendix [d1 
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J,,,,. 



'/ 



X^'" -i^^^^^^^^^^^ 



r^pa 




4> T" 



rpn,. 



4, Tt'" A' 

Figure 3: List of the vertices used in the Lagrangian mapping of the conformal correlators 



5.1 The interpretation of the counterterms: the TT case 

In this section we begin a discussion of the structure of anomalous correlators in momentum space, starting, for 
siniplicity, from the TT case in the conformal limit. In the non-conformal case this correlator has been investigated 
in [5|, |6j in the worldline approach. 

This is a warm-up case before the more involved analysis of the 3-point functions that we will discuss afterwards. 
As we are going to see, the interpretation of the anomaly and of its origin, in the process of renormalization, can be 
different in position and in momentum space. In fact, the anomaly can be attributed either to the specific structure 
of the counterterm in dimensional regularization, which violates conformal invariance in d dimensions, while being 
traceless in d = 4 or, alternatively, to the renormalized amplitude in d=4. In this second case the anomaly emerges 
as a feature of the d — A renormalized amplitude and, specifically, of its 4-dimensional trace. 

In the TT case conformal symmetry fixes this correlator up to constant, and one can proceed with the Fourier 
transform without resorting to a specific free field theory realization. Using the inversion matrix in Euclidean space, 
we define the conformal energy-momentum tensor two-point function as 



(r^''(a;)T"^(y)) = ^I^^^"^(s), 



(100) 

where I^"'•°'P{s) was defined in (|72 l) and ([73l) . 

In order to move in the framework of differential regularization, we pull out some derivatives and rewrite our 

correlator as 



(T^'^(x)T"'^(0)) 



Ct 



A{d~2fd{d+l 



^(d) fj.ua P _ 



1 



.2d-4 ' 



where 



^(d) fj.uaP 



- f e'^^e'^'^ + e'^^e'^") — ^e^^^e"/' , with e'^" 

2 V J d-l 



g^{d}„uaP = 0, SauA^'''''"'"^ =0. 



(101) 

dt^d'^^s'"'a (102) 

(103) 



For reasons that will be discussed in section [H this form of the TT correlator is Fourier- integrable, although it is 
characterized by a UV divergence as x -^ y. To move to momentum space we can split the l/{x'^)'^~'^ term into 
the product of two l/{x'^)'^^^^^ factors and apply straightforwardly the fundamental transform (c.f. Eq. (I182|) ). 
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obtaining 



^ / ^d^^-ip-x ^(d) tii^ap 



4(d-2)2d(d+l) J (x2)rf/2-l (x2)'^/2-l 
{2TTyC{d/2-lfCT ^^d)^,^p. . /■ d 1 . . 

4(d-2)2d(d+i) ^^' J p{i+pr- ^ ' 

We have also defined 

&^"'{p) = S^"" p"^ - p^" p'' (105) 

^(d)M^a,3^p^ ^ 1 /'eM"(p) 9-/3 (p) ^ 0M^(p) e^^ip)") - -^ e^"(p) e"^(p) (loe) 

as the momentum space counterparts of the two operators previously introduced. In our notations A^**) f^""^ is 
obtained from the expression above by setting d — 4. The tensor indices, however, are still running from to d— 1. 
Notice that in d dimensions the TT correlator is anomaly-free (i.e. traceless) 

S^, (TA'- T"^) (p) - S^fj (T^'' T"^) (p) - . (107) 

As we move to d = 4 the correlator in nionicntuni space has a UV singularity, coming from the 2-point integral 



^ , ^ I 1 1 [ I — (^ / / 1^ 



2, _ ^ f,d, 1 _ [r(l-6/2)]^r(e/2) 1 



P{l+pf r(2-e) (7rp2)e/2 

= ^ + 2 + \n(^\+0{e), (108) 

where e = 4 — d and we have introduced the quantity i — - — 7 — In tt, typical of the modified minimal subtraction 
(MS) scheme. If we work in position space, renormalization is enforced by adding a local (i.e. ~ 6{x — y)) 
countcrtcrm of the form ci/e A^'*)^'^"'' 6{x — y). The regulated correlator in d = 4 is then defined as 

(r-(x) T"^(0)) = ^^^_^y^^^^^^ A^l,^ + 7 AW -"/^ 5\x y) , (109) 

Notice that the counterterm is traceless for d — A (i.e. contracting the indices with a 4-dimensional metric) but not 
in general dimensions. Therefore, if we split the d-dimensional metric (SJiJ) as a direct sum (©) of a 4-dimensional 
{Sfj,i, = Sl^J) and of a (d — 4)-dimensional metrics acting on the subspaces M4 and Md-4 (i. e. Md = M4 © Md-i) 
we obtain 

j(d)^(4)A"^a/3 ^ ^(4)^(4)^1.0/3 _|_ j(d-4) ^(4)^!ya/3 ^ j(d-4) ^(4)^iyQ/3 /j^j^qn 

and using the relation 

^i4)^i4)^ua^ = (111) 

we find that the rf-dimensional trace of A^^^ is 0(e) 

g{d)^(4)t.^a(i ^_i^QO.p _ (112) 

o 

If we now use the relation (5^^ A'^''^ mi^^/S — q^ j|; jg clear that the trace of renormalized TT correlator gives the correct 
anomaly. In particular, the trace operation cancels the 1/e pole of the counterterm 



S'tfJ{T^"'{x)T'^'^{0)) = cildli-^^A^^^^""'^S'^{x-y) 



J.ne"^ + -(7 + ln7r)J J'^(a;-y) (113) 
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which is finite as e — >■ and reproduces the expected anomaly. The selection of the counterterm is in agreement 
with the anomalous Ward identity of the 2-point function in momentum space. This can be checked directly from 
Eq. ([1]), by computing its first functional derivative around flat space, which leaves DR as the only contribution to 
the TT anomaly 

(114) 



Sl'J {T^^" T^^){p) = 2 /3, [DR] "^(p) = 2/3,/ O^^ip) . 



Below we will be omitting the subscript (4) when referring to a 4-dimensional kronecker 5^i,, unless it is strictly 
necessary for clarity. 

In the expression above, we have introduced the notation [OR] (p) to indicate the Fourier-transformed func- 
tional derivative of the box (D) of the scalar curvature evaluated in the limit of flat spacetime. The last two 
equations allow us to fix the final structure of the fully renormalized correlator in the form 

(T''T"^),,„(p) =. (T^''T"''),<,,e(p) + 6^A('^)''''"^(p) = (r'^'^r"^)b„e(p)-4^A(4)A'-/3(p), (115) 

where we have used in the last step Eq. ([3]). 



In position space, as clear from (J113p . the anomaly can be attributed to the counterterm. This approach 
allows to write down the solution of the Ward identities as an anomaly free solution (for x ^ y) superimposed to 
the inhomogenous terms, exactly as stated in Eq. (jl09p . This procedure is general, and can be applied to any 
correlator. 

It is instructive, for comparison, to comment on the same approach in dimensional regularization working in 
momentum space. One can start from a field theory realization of the same (unrenormalized) correlator obtaining 

{T^'^T^P){p) = |i [e''"(p) Q^P{p) + e''^(p) Q^'^ip)] ~ i Q^'^ip) e"^(p)| cm 



+ 3e^''(p)e"^(p)C2(p) 

^ A(4)M-^(p) CM) + l^^'ip) e"^(p) CM , 



(116) 



where the form factors are given, in the cases of a conformally coupled scalar, a Dirac fermion and a photon, by 



CM 
CM 



conf .scalar 



Dir. fermion 

CM 

photon 



16 + 15go(p') 
14400 7r2 

2 + 5Bo{p^) 

800 7r2 ' 

-ll + 10go(p2) 

800 7r2 



C2{p) 

C2{P) 



1 



conf .scalar 



1440 7r2 ' 
1 



Dir. fermion 

C2{P) 

photon 



240 7r2 ' 
1 



120 7r2 



(117) 
(118) 
(119) 



Notice that the singularity of Eq. (|116l) is contained in the expressions of Ci [p) due to the presence of the 
scalar 2-point function Bq which needs to be renormalized. The constant terms in these coefficients are due to the 
mass-independent renormalization of the correlator, here performed in dimensional regularization, which, for each 
separate case, conformal scalar, fermion and photon, can be absorbed into a redefined renormalization scale /i. The 
two structures in the last line of (I116P separately respect the energy-momentum conservation Ward identity for the 
2-point function [551 but only the first one, A*^**) "^'"^(p), is traceless in d = 4, while tracing the second we obtain 
the anomalous relation 

5^u\ e^-ip) Q'^^ip) = p' e"^(p) . (120) 



The singular contribution in Eq. (jll6|) can be eliminated by the ordinary renormalization procedure, leaving a 
result that is finite and whose trace can be taken directly in 4 dimensions. In this approach the anomaly can be 
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attributed to the regularization procedure and not directly to the counterterm, which is traceless (compare (jllOp 
for d = 4), while it is the finite part of the correlator, going like C2{p), to be anomalous. 

The complete TT correlation function and its positive spectral functions were calculated in both the tensor and 
scalar sectors for a scalar field of arbitrary mass and curvature coupling S, in 4-dimensions in [l|. In the case of 
general mass and f , conformal invariance does not hold and the second tensor structure in (|116p is always present. 
By taking ^ = 1/6 and the limit of zero mass, one can also see from the spectral function approach in jj how the 
trace anomaly appears. 

As in the case of the chiral anomaly, a dispersive analysis shows that the spectral density of an anomalous cor- 
relator is affected, under certain circumstances, by typical contributions which amount to anomaly poles. Anomaly 
poles emerge from a collinear configuration of a certain amplitude_ interpreted as a real space-time (on-shell) process. 
Similar poles have been found in the TT case in 2-dimcnsions 7] . In higher dimensions because of the kinematics 
explained in [llj one must go at least to triangle amplitudes at least as complicated as TVV or TTT in order to 
find these pole terms. 

We have stressed this point to emphasize that the approach followed in position space, which consists in the 
addition of a contact counterterm to regulate the anomaly, is not in contradiction with the ordinary diagrammatic 
picture. It simply doesn't give the complete kinematical understanding of the origin of the anomaly, which the 
spectral function dispersive approach attributes to the existence of a collinear region in the (anomalous) diagrams 
of the perturbative expansion. In the following, we will try to match these two quite different descriptions by 
discussing more complex correlators. 

6 The counterterm for the TVV in position and in momentum space 

We now turn to the question of the renormalization of TVV correlator in d = 4 dimensions. This can be performed 
either 1) by solving the renormalized Ward identities in position space or 2) by a perturbative computation in 
momentum space of all the diagrams in dimensional regularization. The two methods are obviously quite different 



and the goal of this section is to test their correspondence, given the results of [27l |. 

As already emphasized in section (|5.ip . the renormalized 3-point functions have to satisfy the requirement of 
general covariance as well as renormalized anomalous Ward identities. The solution of these identities can be 
directly found by rewriting them in momentum space. For the {TVV) case, the requirement of general covariance is 
also supplememented with gauge current conservation. If we denote our counterterm by D^^apip, q), the algebraic 
conditions satisfied by the counterterm are given by 

[p + qY D^^ap{p,q) = q^Qapip) - 5^13 q^ Q^iaip) +PuQapiq) - S^aP'^Qf^piq), 

p''D^,^p{p,q) - q^D^,^p{p,q)^Q, (121) 

with Qapip) being the counterterm for the vector- vector 2-point function. In fact, the equations above are just the 
divergent parts of the general covariance and gauge invariance Ward identities for our three point function, 

{p + qr {T^u V-o. V\){P. q) = q. {V\ F^^)(p) - S,^ g^ {V%, F^)(p) +p, {V\ V%){q) 

^5,c.P^ {V\V%){q) , 
p''{T^.V\V''p){p,q) = q^{T^,VW''p}{p,q)^0. (122) 

To see how they arise, we introduce the counterterms for the two correlators at hand, modulo two constants 

{VW''p)ren{p) = {VW%)bare{p) + ^CvvQMp), 
{T^,,V\V''p)ren{p,q) - {T,,, VW%)bare{p, q) + ^ CtVV D^,^p{p, q) . (123) 
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Replacing them in (|122p and equating the coefficients of the 1/e terms we immediately obtain (|12ip and the condition 
Cvv — Ctvv- These constraints are sufficient to state that the counterterm is 

- {^I3u Pp + 5p^ p^) Qa - {S^a qu + ^au qf,)Pfl- S ^.^ {p -qS^p- ^q Pp) ■ (124) 

A consistency condition on this tensor, which is easily seen to be satisfied, is that the trace anomaly constraint in 
d dimensions, 

5^" D^^^aii{p,q) == (4- d) (p- qSap -qaPfi) = e{p- qSap - qaPp) (125) 

reproduces the anomaly. 

It is instructive to see how the same operation can be performed diagrammatically. For this purpose we just 
recall that the general form of the TVV amplitude can be expanded in a basis of 13 tensor structures t'l^ {p,q) 



defined in [21 1 



13 

r^.a,3(p,g) = ^F,(/c2;p^92) tl^^^{^p,q), (126) 

i=l 

where we have defined the tensors 

U°'P{j),q) = {p-q)5°'^ -q^pl^ , (127) 

W^'^p^q) = p2 g2 ^"/9 + (p . q)pa ^/3 _ q^pO^pP _ p2 ^a ^^ ^ (128) 

which are Bose symmetric, 

u'^Pip,q)^u^'^{q,p), (129) 

w'^^ip,q)^w^'^iq,p). (130) 

Gauge invariance is respected due to the conditions 

Pa^u''^{p,q)=qpu'-f'ip,q)=0, (131) 

Pc.w''f'{p,q)=qpw''^{p,q)^0. (132) 

A complete perturbative analysis shows that the only tensor structure which is affected by the renormalization 



procedure is ii3, which coincides with the D^^ap counterterm introduced above. As discussed in [2l| for QED and 
in [3[ |j| for QED and QCD by direct computations, renormalization of the TVV vertex affects only this tensor 
structure. Given the complexity of the computations and the wide difference between the general CFT approach and 
the ordinary diagrammatic one, this agreement is obviously nontrivial. As in the TT case, the anomaly is generated 
by the {d — 4)-dimensional part of the trace, which simplifies with the l/(d — 4) factor in front of the counterterm. 
In particular, all our previous comments concerning the renomalization of the TT case remain valid also here, since 
in our approach the anomaly is computed after subtracting the infinities, by taking the 4-dimensional trace of the 
renormalized TVV vertex. In particular, one can check that of the 13 structures ti only ti has a non- vanishing trace, 
while the remaining ones are traceless. As discussed in [2l| for the fermion case, ii carries all the information about 
the anomaly and its corresponding form factor {Fi) contains an anomaly pole. The extraction of this additional 
information about the TVV correlator indeed requires a complete analysis of the same in momentum space. 

6.1 TVV on-shell in d = 4 and the anomaly poles 

As we have mentioned, the complete TVV correlator can be obtained in any dimension as a superposition of a scalar 
and of a fermion sectors. Obviously, this result holds for any CFT, and the explicit evaluation that we provide is 
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Figure 4: The fermion/scalar sectors in the TVV vertex. 



completely general. In the off-shell case the fermion loop has been analyzed in 21 1 [3|. Explicit resuls for this sector 
can be found in [3|. In this section we extend the computation to the scalar sector, focusing on the on-shell case 
for the two external vectors, since the expressions in the general case are far lengthier. 

In the on-shell case the 13 structures i' simplify drastically. We use three structures A-^, A^ and D, with D 
being the counterterm discussed above, to describe the parameterization of this vertex. In terms of the momenta 
of the two outgoing gauge bosons {p, q), with p^ = q^ = and p ■ q = k^ /2 we have 

\f/^ Ti^ab' \f/^ Al I \ , mab/ „\//'* a1 i \ , ri^ab / „\//« 



r;L/3b'9) -Fi\p-<i) Al,^p{p,q)+Ff{p-qy' Al,^p{p,q) + F^ip ■ qY ' D^^^p{p,q) 



with 



4I 



with form factors given by 



= {2p-qS'"' -k''k'')u"f^{p,q), 

= -2m"'3(p, q) {2p ■qS'^" + 2{p^'p'' + g^ q") - 4 (p^ q'' + q^" p")) , 



F^\p-qy 



cab 



1 



for the fermion sector and 



FriP-qy = 

FS'ip-q)^ = 

F^\p ■ qf 
Ffip-qf 
Ftip-qY 



^ab 



72TT^p-q' 
1 



STGtt^P • q ' 
1 



2887r^ 



126o(2p-g,0,0)-|-ll 



= S"" 



1447r2 p • g ' 



_gab 



^ -5"" 



576Tr^ p ■ q ' 



1 



5767r2 



6So(2p-g,0,0) + 7 



(133) 

(134) 
(135) 

(136) 
(137) 
(138) 

(139) 
(140) 
(141) 



for the scalar sector. Notice that both the scalar (s) and the fermion (f) sectors have anomaly poles. The anomaly 
is attributed to the tensor structure Ai which has a nonzero trace. As we have clarified above, the anomaly is 
not attributed to D (i.e. tia), which is the counterterm found in position space, but to the tensor structure Ai, 
after renormalization. The remaining structures A2 and D are, in fact, traceless in 4-dimensions. This structure 
coincides with the form factor ti of [21j, which has a nonzero trace. As remarked before, the dynamical origin of 
the trace anomaly has necessarily to be found in momentum space. 

6.2 TVV in d dimension 

These results can be generalized, with some extra effort, to d dimensions. By our inverse mapping procedure the 
result of the computation in this case remains valid for any conformal theory, since the two sectors, scalar and 
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fermion, are sufficient to describe the general solution of the Ward identities. The result can be given in a form 
which is quite similar to those in (I133p . We obtain 

r;Ub:9). = sf{p-q)C^^,^^{p,q)+sf{p-q)D^,^p{p,q). (142) 

The form factors are found to be 

AS'^b fl — A 

where the tensors in the basis are given by 

'^iwap^^ l) = ip-l^afi- qaPp) {d{Pf,Pu + 9^ 1^) + {d - 'i){p^, qu + qt,Pv) - 2(d - 2)p ■ q6^y) , 

^li'^ap^^fi) == {p-q5ap~qaP0){pt,qv + qt,Pv~p-q^^iu) , 
D^^uap ip,q) = 5ap{Ptiqv + q^iPu)+p- q {S^p 5^^ + Sf^a S^p ) 

- {Sp„p^ + Spf^Pi,)qa-{Sf_,aq,y + Sa„qfj.)pp-Sf_,^{p-qSap-qaPp)- (144) 

Notice that in this case all the structures (C, D) are traceless since there is no anomaly. As a final observation, 
we remark that in the on-shell case, the only topology that survives in the expansion of this correlator corresponds 
to a master integral of type Bq which corresponds to a massless 2-point function. The other master integral which 
also heavily appears in the perturbative expansion, Co, which corresponds to the scalar triangle diagram, drops out 
in the on-shell limit. 

6.3 Renormalization of the TTT 

In this section we address the problem of the renormalization of the 3-graviton vertex and compare the standard 



Lagrangian approach with the deductive method of [27[, which is developed for the analysis in d dimensions. Since 
our interest, for this vertex, is sharply focused on the d = 4 case, we need to clarify a few points. Notice that one 
of the two counterterms that appear at Lagrangian level, G, is a total divergence in 4 but not in d dimensions. In 
particular, G generates a counterterm which is effectively a projector on the extra {d — 4)-dimensional space and as 
such, gives a contribution which needs to be included in order to perform a correct renormalization of the vertex. 
This has been verified by an explicit computation in dimensional regularization. 
We recall that in perturbation theory the one loop counterterm Lagrangian is 

Scounter = -- ^ Uj f d''x^^(/3a{I)F + pb{I)G] (145) 

^ I=f,s,V J \ I 
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We have used the 4-diniensional reahzation of F 

F = R'^'^-'^R^p^s - 2 R'^^Rc.p + i i?" (146) 

which is obtained from ([242]) with d — >■ 4. G, obviously does not contribute to every correlator. For instance, in the 
case of the TT, the counterterm is obtained by functional differentiation twice of Scounter, but one can easily check 
(see Eq. (|257p ) that the second variation of G vanishes in the flat limit. Hence, the only counterterm is given by 

gg^^'^(xi,X2) = 4 f f d'^wV^F. (147) 

Its form in momentum space is given by 

DfP'^ip) = 4 Af-^) "^"^(p) , (148) 

and we recover the renormalized 2-point function in (jllSp just with its inclusion, i.e. 

,ya/3 TP'')ren(p) = (T"^ T"'^) (p) " — Of^^ip) . (149) 

e 
In the case of the 3-graviton vertex the counterterm action (|145p generates the vertices 

-i (^PaD'P^P^-^{z,x,y) + f^tDr^-P{z,x,y)^ , (150) 

where 

D'^'""'"^{x^,X2,x,) = 8——--^^— [d'^wV^F, (151) 

(>gp,u{xi)dgpcr{x2)dgap(x3) J 

Dr'"'f'{z,x,y) = 8 . ,, ^] ,, . , f d'^wV^G. (152) 

ogfj.u[xi)dgpcr[X2)dgai3(x3) J 

(|152[) and (I15ip are obtained by functionally deriving three times the general functional 

X(a, b,c)= f d^x ^f—g {a R''^"'Rabcd + b R'^^'Rab + cR^), (153) 

with respect to the metric for appropriate a, b and c, i.e. 

a = l, 6 = -2, c=-, 
a==l, 6= -4, c=l. 

Some of the computations are, for convenience, reproduced in appendix [Bl 

It is known that Dq^°^ '^ {p,q) is found to vanish identically in four dimensions. In fact, its explicit form is 

D^''"^P''{p,q) = _2'iO{E'"'"'^''-''P^^^ + ^MP"7K,^'T/35A _^a^ P)q^ QsPkPx , (154) 

where F'-''''°''^'^'"p^^-^ is a projector onto completely antisymmetric tensors with five indices, so that it would yield 
zero in four dimensions, reflecting the fact that the integral of the Euler density is a topological invariant in such 
dimensions. We have explicitly checked by an explicit computation that, given the structure of the counterterm 
Lagrangian in (|145p . one needs necessarily to include the contribution from the G part of the functional, in the form 
given by Dg, in order to remove all the divergences. This choice brings us to a counterterm contribution which 
regulates TTT which is slightly different from the approach followed in '^di- The two approaches, in fact, differ by a 
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finite renormalization, since in our case we reproduce tlie entire anomaly, including the local contribution (/3c ^ 0). 
The fully renormalized 3-point correlator in momentum space can be written down as 

{T^^-'TP''T''^)ren{p, q) = {T^^'^TP'^T"^) hareip, q) - -^ ((3a i?^""^''"^, q) + fib D^J^^^'^ip, q)\ (155) 

and the goal is to proceed with an identification both of Dp and Dg from the diagrammatic expansion in momentum 
space. The cancellation of all of the ultraviolet poles, for suitable expressions of Dp and Dq, has been thoroughly 
checked from our explicit results. As we have already discussed in the previous cases, after renormalization, we can 
take the trace of (|155p (in four dimensions) and obtain the entire trace anomaly. 

In parallel, it is instructive to see how one can derive the analogue of (jl55p . using our expression of F, which is 
4-dimensional, but following the same approach of |27[, i.e. by using the Ward identities. In this case we are bound 
to introduce the generic counterterms to the TTT vertex 

(T'^'^T'"^T"^)ren(p,g) = {T^'-'TP''T"^)tare{p,q) + \ (cFDP/''^''^ip,q)+CGD^'"'^'"'{p,q)\ (156) 

written in terms of arbitrary coefficients Cp and C'g- Notice that, for convenience, we have formulated ()156p 
in momentum space, but the 1/e corrections are supported only at the coincidence point {xi = xi = 2:3), for 
appropriate Dp and Dq, as one could check by performing a transform of this expression. 

With the addition of the new contact terms which guarantee the regularization of the correlator, the new 
renormalized vertex must satisfy (|41|) and two similar identities which follow exchanging indices and momenta 
properly. 



One can check that D, 



G 



{p, q) is transverse, as (|154p shows clearly, 



k^D^J'^^P^ip, q) = 0, p^D^J'-^'-'ip, q) ^ q.D'^.^'^^P^p, 9) - , 



(157) 



so that by inserting the expressions (|149p and (|156p into these Ward identities and taking (|157p into account, one 
obtains three conditions on the F-contribution to the counterterm, the first being 



Cp KD>p"'^P^ {p, q) = -4 /3 J (7'^ A(4) p-"/3 (p) + pA- A(4) °^P- [q) 



-qv 



giiPl^(i) ^•yo'P{p) + 5A"^a(4) ^p-^P^p) 



Pu 



gpa^ii) ul3p,j(^^^ _,_ ^M/3a(4) ''"P'^(g) 



(158) 



and the other two coming from a permutation of the indices and of the momenta. They are seen to be satisfied if 

Cp = ~/3a- 

Exactly the same argument can be applied to the three anomalous trace identities in rf = 4 + e dimensions in 
order to fix Cq. Notice that, in this approach, the anomaly is reproduced by taking the traces of Z?^"" (p, q) and 



Dq"^ [p^q] in d dimensions, obtaining 



Sp^D^r^P^p^q) 
S^^D^J^0P^{p,q) 



1 a/3 pa I 
1 0.(5 pa . 



-4. [F]"--(p,g) 



/^D i?]"^""(p, q)\ - 8 ("a^^) ^^p%p) + A(4) "^"^(g) 



~Ae[GY''"{p,q). (159) 

According to the previously established notation, \F\ {p, q) and \G\ {p, q) are the Fourier-transformed 
second functional derivatives of the squared Weyl tensor and the Euler density respectively. Requiring (|43p to be 
satisfied by the renormalized 2 and 3-point correlators we get 

^ r , . — . ^-1 a^pa , 



5^,, \-pa D 



^""''''"(p,g) + CGi^r"''''"(p,g) 



4e 



Pa 



'Fr''\p.q) 



-gUR\ 



{p,q) 



0.(5 pa . 



P,{Gr''\p,q) 



-8 ('A(4)"'''"^(p) + A('')"'^'"^(g)') , 



(160) 
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Figure 5: TTT and its counterterms generated with the choice of the square of the Weyl (F) tensor in 4 dimensions 
and the Euler density (G). 






Figure 6: The contributions to the renormahzed TTT vertex from the square of the Weyl tensor in d-dimensions 
{F'^) and the Euler density (G). 



and other two similar equations, obtained by shuffling indices and momenta as for the general covariance Ward 

identites. 

In this way the conditions (|149p . (|159p . (|159p and ([3]) allow us to obtain the relation Cg = ~(3b, as expected. We 

have verified by direct computation for scalar, fermion and vector fields that the approach followed in ref. [27| of 

solving the Ward identities by adding contact terms to the homogenous expression of vertex (obtained for separate 

points) matches precisely the renormalization procedure above in momentum space. 

Notice that in 27| the choice of F is slightly different from ours, since the authors essentially define a counterterm 



which at a Lagrangian level would be of the form 



1 



- / d^xV^i/SaF^ + pbG) 



(161) 



based on the d-dimensional expression of the squared of the Weyl tensor (F''). Such a choice does not generate a 
local anomaly contribution proportional to OR as d — >■ 4. In fact the authors choose to work with /3c = from 
the beginning, since the inclusion of the local anomaly contribution amounts just to a finite renormalization with 
respect to (|16ip . Notice that in d dimensions, if we take the trace of the functional derivative in (|257p for a = 1, 
b — —A/{d— 2), c = 2/{{d— l)(d — 2)), which are the d-dimensional coefficients appearing in F"^, one can explicitly 
check that the contribution proportional to OR in the anomalous trace cancels. For this purpose we can expand the 
integrand of (|16ip around d = 4 (in e = 4 — d) up to 0(e), obtaining that the counterterm action can be separated 
in a pole plus a finite part, i.e. 



S,. 



= Sr. 



~r C)fin. ren. — ^cou 



fia 



fd^xy^fR"^ 



RaP 



18 



R' + 0(e) 



(162) 



Recalling the definition ^ and using (|257p . we see that the contribution of this finite part to the vev of the 
energy-momentum tensor is 

gt^uiT^"" )f^n.ren. = "/^c DR . (163) 

Comparing this with ([1]) , we see that this extra contribution will cancel the local anomaly. 
So this approach is equivalent, for what concerns the anomaly, to supplying the action of the theory with the finite 
renormalization usually met in the literature, i.e. 



S 



(2) 

fin. ren. 



'12 /'^"' 



-gR^ 



(164) 
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Figure 7: The relation between the counterterm generated by F'^ and the same obtained from F. The difference is 
a finite renormahzation (Ffin) generated by the y/—gR^ term in the counterterm Lagrangian, which generates the 
local contirbution to the trace anomaly. 



which is known to cancel the local anomaly, due to the similar relation 

9 SS^ 



-9 (^9, 



(f65) 



fii^ 



which holds in d = 4 as well. 



6.4 The renormalized on-shell 3-graviton vertex in 4 dimensions 

In all of the three cases examined, the vertex Y'^^°'^P°'{p, q) can be expanded on a basis made up of thirteen tensors, 
if we go on shell on the two outgoing gravitons, which amounts to contract the amplitude with polarization tensors 
which are transverse and traceless 

eiJp), (e^A^O, p^eL = 0, (166) 

where the superscript denotes the helicity state. 

It is easy to see that the contraction of the amplitude with the polarization tensors with the properties ()166|) for 

the two outgoing gravitons is equivalent to the replacements 



p^ ^ , <7^ ^ , p" ^ , p'' ~^0, 



0. 



0, 



(167) 



so that we will give the amplitude in terms of tensors which are non- vanishing after this limit is taken. 

The expansion of our Green's function for a theory with ns scalars, np fermions and ny vector bosons can be 

written in general as 



{T^"'TP''T°''^){p,q) 



ni 



On-Shell 



ni^ns ,nF ,nv 



13 

E 



ni{s)t 



^ucx(5pa 



{p, q) , 



k^ = {p + qf=2p-q. 



(168) 



The form factors for the three theories at hand are listed in Table [21 modulo the three overall factors, in the first 



row. The 13 tensors t 



^Lua.j3pa 



{p, q) are listed below. They are given by 

tr^'"{P:<l) = {p^p'' + q^q'')pPp^q''q^ 
tT'^^'^iP.l) = {p^^q''+p''q>^)p'p"q"qP 



fiiya/Spcr 

3 

/.iiyappa 



(p, i) = 
(p, i) = 



tr^'^ip.q) = {p'-q" 



{p'^p" + q^'q") {p''q^6°'P + p''q°'S'^P + pPq/^S""" + pPq°'S'^'' 
pPp" {q^q^S""" + q^q^d"" + q°'q''S^P + q^q^'S^'') 
q^'q/^ (p'^p'^SPP + p^pPS"" + p'^p'^S'^P + p^pPS'"') 



p p U' ■ -t p p O' -t p p o ■ -t p p O I 

+ q^P'") (pP{q°'5^'' + q^S""") +p''{q''6^P + q^6''P) 
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nf{s) X 720 7r2 


f7f(s) X 240 7r2 


nYis) X 1152 77^ 


1 


1 

2s 


_i 

s 


72 
5 s 


2 


s 


1 
3s 


64 
5s 


3 


7+30i3o(s) 
120 


13-30 Bo(s) 
60 


82-120 Bo(s) 
25 


4 


2+5Bo(s) 
10 


7-70 So (s) 
120 


2 (482+130 So(s)) 
25 


5 


1 

6 


-1+10 Bo(s) 
48 


79+50 Bo (s) 
5 


6 


23+20 Bo (s) 
20 


33+70 eo(s) 
60 


104 (22+5 Z3o(s)) 
25 


7 


s (16+15 Bo{s)) 
20 


3s(2+5eo(s)) 
10 


s(-ll + 10i3o(s)) 
80 


8 


s (47+30 Bo{s)) 
80 


3s(9+10i3o(s)) 
40 


s(2+5eo(s)) 
40 


9 


s(2+5So(s)) 
40 


7s(l-10So(s)) 
480 


s (487+130 So(s)) 
50 


10 


s (9+10 Ba(s)) 
20 


s (137+430 eo(s)) 
480 


s (883-230 Bo(s)) 
50 


11 


s(7+5B„(s)) 
20 


7s(9+10Bo(s)) 
240 


s (467+130 Bo (s)) 
25 


12 


s (121+90 Bo(s)) 
240 


s (97+130 Bo(s)) 
240 


2 s (299+35 So(s)) 
25 


13 


5s^{3+2Ba{s)) 
32 


5s^ (9+10i3o(s)) 
96 


-S^13-Bo{s)) 



Tabic 2: Form factors for the vertex r^'^"'''"^ (p, q) in the on-shell limit. 



i; 



fj.i^a.l3p(T 



ip,Q) 



Sl^^pPp^q'^qP 



^UOLJ3pG 



_ i fpi^pp(S°"'S''f^ + S^^'^S""') +p''pP{5°"'5P^ + S'^^dP"") 



t 



t 



8 
fiua^pa 



+ pPp" {S^PS"^ + S^PS"") + py {S^PS^"'^ + 5f^P5^'°') 
+ qPq" {5'^''5''P + S'^PS"") + q^q" {S^^^S^P + S^^PS^") 

+ q''q^{d°"'d''P + S°'PS'"') + q''q^{S"''S''P + S^PS'^'U 

{p,q) = {pPp'' + q''q''){S'"'S^^P + S''PS^^'') 

{p, q) = pP (qPiS'^'S'^'' + S'^'S'^'') + q'^iS'^'d^^P + S^f'S^^") 



+ p" (qPiS^PSf^" + S'^^'Sf^P) + q^iS-^PS'^P + 5°'P5'^P)\ 
+ q" [pPiS^^S^P + S^PS"") + p^iS^^SPP + S^Pgf,„yj 
+ / (pPiS^^S^P + S^PS"") + p^is^^spp + S^PSP") 
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+ S'^PiS^^'^S'^P + S^PS'"') + 5°"'{5^''SPP + S^'PS'^P) 

t'iT^'"'{p,q) = 5^" (pP{q'^5°"' + q^'S'^") + p" {qH'^P + q'^S^P) 
t^r^'"'{p,q) = SP" {5"''5'^P + S°'PS^''). 



(169) 



The correlator is affected by ultraviolet divergences coming from the two-point integrals Bo{s) (see Eq. (jlOSp ). This 
is true in the off-shell case too, as all the other contributions to the scalar coefficients of its tensor expansion are 
made up of the three invariants p^ , q^ and p ■ q plus the scalar 3-point integral 



Co(s,si,S2) = ^ f d'H- 



1 



,s = (pi +P2f ,Si =p^i == 1,2 



p{i+pi)m+P2r 

which is finite for d = A. In the MS scheme the renormalizcd two-point integral is defined as 



fi-V)=2 + ln(^^ 



(170) 



(171) 



which simply replaces the unrenormalized expression Bq[p^) (jlOSp given in Tab. [21 after using the renormalization 
procedure discussed above. We have checked that by taking the trace of these 13 tensors one reproduces the Weyl, 
Euler and local contributions to the trace anomaly satisfied by the vertex which in this on-shell case are given by 



5^,{TP''T^f'TP''){p,q) 



On-Shell 



1 a.j3p(T , 



1 appa , 



= 4 ^ /3<, ( [Fr'^ip^q) --^[V^DRr'^ip,q) 



Cx(5p(7 . 



+ P^Cr'^p^q) 



(172) 



On-Shell 



5a.p{TP''T''f^TP''){p,q) 



On — Shell 



= 4|/3. ([FY'''\-Kq)-l[.r-9^Rr'\-k,q)^ 



+ ^[GY''"'{-Kq)-\{TP^TP^){k) 



(173) 



On-Shell 



SpAT'"'T^^TP''){p,q) 



On-Shell 



+ h [GY'"'\-k,p) - i {TP-T''f){k)\ 



On-Shell 



(174) 
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with 



naPpa 



On-Shell V 

+ {P ■ qf (5°'"5^^ + 5"P5f^"\ 

[Gf^'"'{p,q) = 2pPp''q°'q^ -p-qlp^q^S^P-pPq^S"" ~p''q°'S^P-pPq°'S'^'' 

On-Shell V 

+ (p • qf (s""s^p + S^PS^^A 
[V^gDR]''''"'ip,q) 

On-Shell 

- \{p- qf (g^^S/^p - 6"PS^^A 



- p • g f p'^qf^S'^P + pPql^S""" + p''q°'5^P + pPq°'5'^'' 



(175) 



(176) 



(177) 



The on-shcU limits of the two point functions appearing in the r.h.s. of (|173p and (|174p are obtained from (|116p 
replacing p — >• fc and using (|167p in (|105p . 



7 The T(j) (j) and VVV correlators in momentum space 

A similar analysis allows to obtain the expression in momentum space of the T(f)'^(f>'^, discussed before in position 
space. We give the complete d-dimensional off-shell expression. It can be decomposed into four independent tensor 
structures 

r^^ "* (p^q) = Fi(j),q) ip^py - ~^^i^A +^i('?j-p) [qi^qv ~ ~^^i^A 



+ Fikp.q) \Pii,qv +Puqf, ^'^^"j +F3{p,q)-iS^y 

where the first three tensors are traceless while the last one has a non-vanishing trace. 
The three form factors are given by 



Fiip^q) 



1 



{d - l)p ■q{p-q + q^){p + qf Bo{{p + qf) 



{2ttY 2(d-2)(p-g2_p2g2)2 

p2((d -l)p-q^ + 2p-qq^ + q^) + [d - 2)p ■ q^{2p ■ q + q^) 



- Boip') 

- Bo{q^) 



q^ p ■ q{{3d -5)p-q+ p") - q\{d - 3)p^ - {d - l)p ■ q) + {d - 2)p ■ q' 



ip-q + q'){p + qf{{d - 2)p ■ q^ +p\^)Co{p', {p + q)\q^) , 



(178) 
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F2{p,q) = 



(2TrY 2{d - 2) (p-q^-p^q^)^ 



Bo{p^ 



(d - l)p^p -q^ + {d- 2)p ■ q^ + p^q^ p ■ q 



Bo{q^ 



{d - l)g2 p.q^ + id-2)p-q^+ p^q^ p ■ q 



p-qBo{{p + qf) 



(d - l)p ■ q{p^ + q"-) + {d- 2)p^q^ + dp ■ q 



,2„2 



[d - 2)p ■ q^ + p^q 



-C^{p\{p + q)\q') 



[d - l)p ■ q{p^ + q^) + {d- 2)p^q^ + dp ■ q 



F3{p,q) - 



(27r) 



jTT^Boip^) + Bo{q^)) 



(179) 



Finally, we present here the expression of the conformal contributions to the VVV with two external legs on mass- 
shell. This limit is achieved contracting with the two polarization vectors {ea(p) , ep^q)) and sending the invariants 
p^, q^ to zero. The fermion sector, for instance gives 

J^abc f 

72^ (d-2)(d-l) 1 ^'-'^ " 3)(5„^(p - q)x + 2{d - 2f {Sf3xqc - S^xPfi) 



pVVy/e™ (p^ ^^ ^ 



d-4 
p-q 



{p-q)\Pma ^7r2So(2p -9,0,0), 



(180) 



while the scalar sector gives 



-^VVVscala, 



(P: <?) = - 



j^ab 



{27r)d {d - 2){d - 1) 



SapiP - q)\ + {d-2) {Spxqa - SaXPfj) 



d-4 



ip-q)xPf3qa>'^ Boi2p-q,0,0). 



(181) 



8 Handling any massless correlator: a direct approach in d dimensions 

In the previous sections we have tried to compare perturbative results in free field theory with general ones coming 
from the requirement of conformal symmetry imposed on certain correlators. We have also seen that in this case, 
working backward from the explicit field theory representation of the lowest order realization of these correlators, 
one can match the general solutions. This is the case of the VVV, TVV and TOO correlators in general dimensions, 
while for the TTT the 4-dimensional solution of the Ward identities is completely matched by a combination of scalar, 
vector and fermion sectors. As we consider the same 3-graviton vertex in d-dimensions, the vector contribution 
is not conformally invariant, and therefore the combination of the scalar and the fermion sectors does not match 
the most general d-dimensional solution. Checking the finitcness of the general solution and formulating it entirely 
in momentum space are not obvious steps, since a correlator such as the TTT, once expanded, contains several 
hundreds of terms. For this reason we are going to illustrate an algorithm that allows to compute vertices of 
such a complexity using a direct approach. Our analysis will be formulated in general but illustrated with few 
examples only up to correlators of rank-4. The algorithm has been implemented for the same vertex in a symbolic 
manipulation program, which is available upon request. 

• The steps 

As we have already mentioned in the previous sections, given any correlator, we can formulate a general procedure 
which allows us to transform its expression to momentum space, with the following steps: 



1) expansion of the correlator into its single tensor components; 
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• 2) rewriting of each component in terms of some "R-substitutions" , that we will define below; 

• 3) application of the dimensional shift d — )■ d — 2uj which can be performed generically in the expression 
resulting from point 2); and 

• 4) implementation of the transform. The transform is implemented by Eq. (I182p for each single difference 
Xij — Xi — Xj. For correlators of higher orders, say of rank n (n > 3), the transform is used n times. 

As we are going to describe below, this method and the regularization imposed by the dimensional shift allows 



to test quite straighforwardly the integrability of any correlator, a point already emphasized in 27[ where this 



regularization has been first introduced. The transform can be applied in several independent ways. These features 



share some similarities with the so called "method of uniqueness" (see for instance 22|) used for massless integrals 
in momentum or in configuration space. 

8.1 Pulling out derivatives 

One of the main steps that we will follow in the computation of the transform of the x-space expression of the 
correlators consists in the rewriting of a given x-space tensor in terms of derivatives of other terms. We call this 
rule a "derivative relation." It allows one to reduce the degree of singularity of a given tensor structure, when the 
variables are coincident, in the spirit of differential regularization. Differently from the standard approach given by 
differential regularization, which is 4-dimensional, we will be working in d dimensions. We will be using the term 
"integrable" to refer to expressions for which the Fourier transform exists and that are well defined in d-dimensions, 
although they may be singular in d—A. Derivative relations, combined with the basic transform 



(a.2)a 4aj^d/2 Y{a) J (^2)d/2-a ^ ' J (-/2)d/2-a 

^(") = ^/^'^?r^ (182) 

^ ^ 4"7r''/2 r(a) ^ ' 

allow one to perform a direct mapping of these correlators to momentum space. We proceed with a few examples 
to show how the lowering of the singularity takes place. 

We start from tensors of rank-1. At this rank we use the relation 

xt' 11 

On 



(a;2)" 2(a-l)^(a;2)"-i 



Tid/2 + l-a) f,.i,u.. J. (,33^ 



2-a+l 



T{a) J [Pyi 

to extract the derivative, where in the last step we have used ()182p . Notice that by using ()182p with a — d/2 — 1 
one can immediately obtain the equation 

which otherwise needs Gauss' theorem to be derived. 

Scalar 2-point functions describing loops in x-space are next in difficulty. As an illustration, consider the 
generalized 2-point function 

^ (185) 



[{x^yfn{x-yYY 
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Using (I182p separately for the l/[{x — j/)^]" and the l/[(x — y)^]*^ factors, the Fourier transform {TT) of this 
expression is found to be 

g-i{p-x+q-y) 



FT 



[{x-yfn{x~yfY 



'^'""^'^'[{x-yYnix-yff 



Uniqueness ahows to reformulate the transform by combining the powers of the propagators into a single factor 



(186) 
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[ix-yr]-+P 
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2d C{a + P) 



(p2)d/2 



(187) 



giving, for consistency, a functional relation for the integral in (|186p 



d'^l 



Cia + I3) 



[/2]"[(/+p)2]/3 C{a)C{l3) {p2)d/2-»-f3 



^ ^d/2 r{d/2~a)T{d/2-l3)T{a + l3^d/2) 

r(a)r(/3)r(d - a - /?) 



tp2\a+P-d/2 ■ 



(188) 



In the TT and TVV cases, x-space expressions such as x^^ ...x^^ /{x^)'^ up to rank-4 are common, and the use 
of derivative relations - before proceeding with their final transform to momentum space - can be done in several 
ways. Also in this case, as for the scalar functions, uniqueness shows that the result does not depend on the way 
we combine the factors at the denominators with the corresponding numerators. 

To deal with tensor expressions in position space we introduce some notation. We denote by 

X n, , . . . X n,^ 



i?". 



^x, a) 



(189) 



(a;2)" ' 

the ratio between a generic tensor monomial in the vector x and a power of x'^ . We do so to denote in a compact 
way the tensor structures that appear in the expansion of any correlator. We call these expressions "R-terms" . 
After some differential and algebraic manipulation we can easily derive the first four R-terms as 
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(190) 



The use of R-terms allows to extract immediately the leading singularities of the correlators, as we show below. 
One can use several different forms of R-substitutions for a given tensor component and the procedure is in fact 
not unique. For example, a second rank tensor can be rewritten in R-form in several ways 

{x-y)^{x-y)y 



[{x-yYY+^ 



= R fj^uix -y,d+l) 

= R\{x~y,d/2 + \)R\{x-y,d/2) 



{x-y)' 



■R\{x~y,d/2)R\{x~y,dl2). 



(191) 
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The derivative relations in the three cases shown above are obviously different, but the transform is unique. One can 
also artificially rewrite the numerators at will by introducing trivial identities in position space, without affecting the 
final expression of the mapping. We will be using this method in order to extract some of the logarithmic integrals 
generated by this procedure. Obviously, this is possible only if we guarantee an intermediate regularization. We 
implement it by a dimensional shift of the exponents of the propagators. The regulator will allow to smooth out 
the singularity of the correlators around the value a = d/2, which is the critical value beyond which a function such 
as l/[a;2]" is not integrable. 

The structure of the singularities in x-space of the corresponding scalars and tensor correlators can be identified 
using the basic transform. For instance, using (|182p for a = d/2 one encounters a pole in the expression of the 
transform. For this reason we regulate dimensionally in x-space such a singularity by shifting d — > d — 2w. At the 
same time we compensate with a regularization scale /i to preserve the dimension of the redefined correlator. A 
similar approach has been discussed in [l7], in an attempt to relate differential and dimensional regularization. In 
our case as in [27l], however, w is an independent regulator which serves to test integrability in momentum space, 
and for this reason is combined with a fundamental transform which is given by 



that we can expand around uj • 
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5W(a;) __^ + iog4 + V'(d/2) -— -ry^— — - / d'^?e"-"log^ +0H. (193) 



[^2]d/2-^ r(d/2) 

The subtraction of this pole in d dimensions is obviously related to the need of redefining correlators which are 
not integrable, in analogy with the approach followed in differential regularization. The most popular example is 
l/[a;2]2^ which has no transform for d = 4, but is rewritten in the derivative form as [20| 

\^UG{x% (194) 



where Gix^) is defined by 



G(.2).i2g4^+e, (195) 



with c being a constant. This second approach can be easily generalized to d dimensions. One can use derivative 

relations such as 

111 

pp " 2(a-l)(2a-d) ° pp^ (196) 

which is correct as far as a 7^ d/2. For a = d/2 this relation misses the singularity at a; = 0, which is apparent from 
(|184p . For this reason, as far as a = d/2 — lo Eq. (|196p remains valid and it can be used together with (|184|) and 
an expansion in lo to give 

[a;21rf/2-^ 2wd-2-2uj \x-^\d/2-i^u, 



1 ^ , 2 \^^- 1 ^logjii^x^) 



A-2d\oj d-2j [a;2]'^/2-i 2(d - 2) [a;2]'i/2-i 
^''' ^1 ' 2 ^,(.)(,^^_□MA^ (197) 



T{d/2) \uj d-2j ^ ' 2{d-2) (x2)d/2 

The d-dimensional version of differential regularization (DfR) can be obtained by requiring the subtraction of all 
the terms in ()197|) which are proportional to 6'^{x), giving 

log(^22.2) 



[^2]d/; 



°^^~ 2(d-2)"(a;2)rf/2 
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P .tw.- ■ (198) 



This procedure clearly agrees with the traditional version of differential regularization in d = 4 [20j 

-,^-W-^^^^- (199) 

Notice that this analysis shows that, according to (|197l) . the logarithmic integral in (|193l) is given by 



I dHe'^^'logiK^ = {2ttY^ 
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-7 + log4 + V'(rf/2)- 
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,.,,,^r„,u'^ 



(47r)''/2 ^ , ^ logfu^x^) , ^ 

- ^rW2)n^|i^, (200) 

having redefined the regularization scale properly 

log a' = log m' + 7 - log 4 - ^(d/2) + -^ . (201) 

Notice that a regulated (but singular) correlator can be mapped in several ways into momentum space, with identical 
results. For instance, we can take l/[x^]'^^'^ and use on it Eq. ()182p once 
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»fc- i_^ I d'ixe:^ \ JtZ - .,. ^ .,. ..^/"^^ . /d'^xd'^Ze'('=+')-^#- 



2w 



twice 



i'^ „<i/2 r(^) ii 

r(d/2-a;) [F 
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211+tj 



= ^ " r(d/2 - c.) pp ' (2^^) 

(where in the last step (I188P was used) or any number of times, obtaining the same transform. 

As one can easily work out, the use of the dimensional regulator generates, after a Laurent expansion in uj, some 
logarithmic integrals in momentum space. As we shall show, if the 1/w poles cancel, then these integrals can be 
avoided, in the sense that it will be possible to rewrite the correlator in such a way that they are absent. This 
means that in this case one has to go back and try to rewrite the correlator in such a way that it takes a finite form 
already in position space. In this case the mapping of the correlators to momentum space is similar to the usual 
Feynman expansion typical of perturbation theory. The condition of Fourier transformability is in fact necessary 
in order to have, eventually, a Lagrangian description of the correlator. On the other hand, if the same poles do 
not cancel, then the logarithms are a significant aspect of the correlator which, for sure, can't be reproduced by a 
local field theory Lagrangian in any simple way, in particular not by a free field theory. We have left to appendix 
iFJa few more examples on the correct handling of these distributional identities. 

8.2 Regularization of tensors 

The regularization of other tensor contributions using this extension of differential regularization can be handled 
in a similar and straightforward way. The use of the derivative relations on the R-terms, that map the tensor 
structures into derivative of less singular terms, combined at the last stage with the basic transform, allows to get 
full control of any correlator and guarantee their consistent mappings into momentum space. We provide a few 
examples to illustrate the procedure. 
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Consider for instance the tensor structure 



whose R-form is, trivially, 



^ [(x-y)2]''/2+i ' 



t^^R\[x V.^+^j- ^ ^M [(^ „ y)2]d/2 



(204) 



(205) 



where the derivative is intended with respect to x^y. Now we send d — >■ d— 2a; in the exponent of the denominator, 
since d/2 is a critical value for the integrability of the exponent, introducing the proper mass scale. This allows us 
to use the basic transform (I182p . getting 



We can expand in lu obtaining 



I fi 



2uj 
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{d - 2uj) ¥/^-'^ TT'^/s r(d/2 - Uj) 
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(207) 



where in the last step we have used ()200p . Notice that the strength of the singularity has increased from 5{x)/uj to 

dfj,S{x)/uj, due to the higher power {d/2) of the denominator in position space. It is clear that for finite correlators 

these singular contributions must cancel. In general, the introduction of the regulator w allows to perform algo- 

rithmically all the computations of any lengthy expression leaving its implementation to a symbolic manipulation 

program. Obviously, for finite correlators this approach might look redundant, but it can be extremely useful in 

order to check the cancellation of all the multiple and single pole singularities in a very efficient way. We will present 

more examples of this approach in the next sections. 

A more involved example is given by 

_ {x-y)f,{x-y)^ 



"" [{x - y)2]d/2+i 

Ai2'^(x-y)^(a;-y)^ 



[{x - y)2]^/2 



+1-W 



to which corresponds the regulated expression 
and a minimal R-form which is given by 



tfj.„{uj) =^ fi'^ R fj^,, lx-y,- + l-u} 
Using the list of replacements given in (J190I) , the derivative form of t^^, is given by 
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[d - 2 - 2uj) [d - 2u) ^ "" [{x - yYYI'^-'^-^ ' d+ 2 - 2a; [(a; - 2/)2]d/2-" 
whose singularities are all contained in the second term, whose Fourier transform is given by 
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where we have omitted the regular terms. The procedure therefore ahows to identify quite straightforwardly the 
leading singularities of any tensor in x-space, giving, in this specific case 



{x~y)t,{x-y)y 1 (5^1, 



(213) 



[{X - yY]d/2+l-u ^ 2d TT^n [d + 2) r(d/2) ■ 

We can repeat the procedure for correlators of higher rank. The singularities, after performing all the substitutions, 
are proportional to the non-derivative terms isolated by the repeated replacement of Eq. (|190l) . 

8.3 Regularization of 3-point functions 

In the case of 3-point functions the analysis of the corresponding singularities can be extracted quite simply. Let's 
consider, for instance, the identity 

-i(k-z+p-x+q-y) 



TT 



{(x - y)2]"i [(z - a;)2]"2 [(y _ zf^:, 



d'^xd'^yifz 
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')«n(|^S^)^-(* +..,)/. 
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dH 



(214) 



obtained using the fundamental transform ()182p . where all the physical momenta {k,p, q) are treated as incoming. 
The convention for matching the momenta in (jl82p with the couples of coordinate is 

h i-> X — y , I2 -^ z — X , I3 ^ y — z , (215) 

and the shift I ^ I — q (which is always possible in a regularized expression) has been performed at the end. 
It is clear that the prefactor on the r.h.s. of this relation has poles for ai = rf/2 + n, with n > 0. At the same 
time the loop integral is asymptotically divergent if d = J2i Q^j i where it develops a logarithmic singularity. In 
dimensional regularization such a singularity corresponds to a single pole in e = d — ^^ ai . One can be more 
specific by discussing further examples of typical 3-point functions. 
For instance, consider the tensor structure 

Qi {y- z)a{y- z)p{y- z)f,{y- z)^ 

"^^'^ [{X - y)2]rf/2+l [(z _ a;)2]<i/2-l [(y _ ;2)2]d/2+l ' ^ O^ 

which appears in the TVV correlator and can be reduced to its R-form in several ways. We use a minimal 
substitution and have 

2'"/3A"- = [(^ _ y)2]d/2+l [(^_^)2]d/2-l ^'"/3m- (^ ~ ^' 2 + 7 ^^^^^ 

and application of the derivative reductions in ()190p gives 
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(218) 



Before moving to nromentum space, a quick glance at this equation shows that its transform does not exist. This 
appears obvious from the presence of the overall factor l/([(x — yYY^'^^'^) which needs regularization. The mapping 
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can be performed using the rules defined above, which give, for instance, for the coefficient of 6fj_i, Sa/s + (5pa (5i//3 + 

Sfj.j3 Sua , 
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In a similar way the Fourier transform of the first term is 
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{l+pY[{l-qfY 
illustrating quite clearly how the general procedure can be implemented. 

At this point we pause for some comments. The regularization can be performed by sending d — > d — 2w - with 
no distinction among the various terms - or, alternatively, one can regulate only the non integrable terms. The two 
approaches, in a generic computation, will differ only at 0{uj) and as such they are equivalent. One can obviously 
check this by an explicit computation. 

Another important point concerns the possibility of performing an explicit computation of the logarithmic 
integrals. They are indeed calculable in terms of generalized hypergeometric functions (for general w), but the 
small uj expansion of these functions is rather difficult to re-express as a combination of ordinary functions and 
polylogs. This is due to the need of performing a double expansion (in e and in uj) if we move to d = 4 and insist, as 
we should, on the use of dimensional regularization in the computation of the momentum integrals. This difficulty 
is attributed to the absence of simple expansions of hypergeometric functions (ordinary and generalized) about non 
integer (real) values of their indices. However, if the l/uj terms for a combination of terms similar to those shown 
above cancel, there are some steps which can be taken in order to simplify this final part of the computation. 

To set the stage for the explicit examples of three point functions treated with this procedure, we introduce here 
a systematic short-hand notation to denote the momentum-space integrals. We define 
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For correlators which are finite, the double logarithmic contributions will appear in combinations that can be 
re-expressed in terms of ordinary Feynman integrals. 

8.4 Application to the VVV case 

To illustrate the way to proceed in general, we reconsider the VVV case, that we know to be integrable, but treated 
this time with the general algorithm. We expand the correlator and perform the R-substitutions ()190|) . The direct 
algorithm gives an expression which is not immediately recognized as being integrable 
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i^hY^'-' \i4iY/' " i^hY/'-' i^sY/' " i4iY^'-\ 

The apparent non-integrability is due to terms of the form l/(x?)'*/^ in the last addend. For this reason, ignoring 
any further information, to test the approach we proceed with a regularization of the non-integrable terms. The 
expression in momentum space is obtained by sending d —^ d— 2a; in all the terms of the form l/{xfA'^''^. Expanding 
in uj the result, one can show that, as expected, the 1/w terms cancel, proving its integrability. We fill in few more 
details to clarify this point. A typical not manifestly integrable term in VVV is 

1 1 „n, 1 1 1 „,i 1 
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which in momentum space after uj regularization gives (omitting an irrelevant constant) 
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Expanding in w, the residue at the pole is given by the integral 

o/p _ „p 
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which vanishes in dimensional regularization. The finite term is logarithmic and it is given by 
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The scale dependence also disappears, since the log//^ term is also multiplied by the same vanishing integral. 
Obviously, the nontrivial part of the computation is in the appearance of a finite logarithmic integral which, due 
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to the finiteness of the correlator, has to be re-expressed in terms of other non-logarithmic contributions, i.e. of 
ordinary Feynman integrals. There is no simple way to relate one single integral to an ordinary non-logarithmic 
contribution unless one performs the entire computation and expresses the result in terms of special polylogarithmic 
functions, using consistency. For correlators which are integrable, however, it is possible to relate two log integrals 
to regular Feynman integrals. Single log integrals, at least in this case, can also be evaluated explicitly, as we 
illustrate in an appendix. 

By applying the algorithm we get 
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One can easily show the scale independence of the result, which is related to the finiteness of the expressions and 
to the fact that the logarithmic contributions, in this case, are an artifact of the approach. For this reason, when 
the scale independence of the regulated expressions has been proved, then one can go back and try to rewrite the 
correlator in such a way that it is manifestly integrable. Obviously this may not be a straightforward thing to 
do, especially if the expression is given by hundreds of terms in configuration space. If, even after proving the 
finiteness of the expression, one is unable to rewrite it in an integrable form, one can always continue applying 
the algorithm that we have presented, generating the logarithmic integrals. Pairs of log integrals can be related to 
ordinary Feynman integrals by applying appropriate tricks. We have illustrated in an appendix an example where 
we discuss the computation of the single log-integral appearing in VVV as an example. In the TOO case one 
encounters both single and double-log integrals. For non-conformal correlators these second type of integrals are, 
in general, expected and turn out to be a characteristic feature of these correlators in momentum space. 

8.5 Direct methods for the TOO case and double logs 

A similar analysis can be pursued in the TOO case. Also for this correlator we can apply a direct approach in 
order to show the way to proceed in the test of its regularity. Using our basic transform (|214p and introducing the 
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regulator lo to regulate the intermediate singularities we can easily transform it to momentum space 



FT 



(T^,(xi) 0(2:2), 0(2:3)) 



= (T^, O O) (p, q) - (27r)3'^ S'^"^ {k+p + q)a 



(Cid/2~ll 
\ d(d-2)2 



4(d- l)Jf,^{p,~q)~2{d~ 1) {qu ~ Pv) J^i{p,-q) + {q^L - Pfj.) J^{p,-q) 



+ d {p^q^ + p^g^) - (d - 2) (p^p^, + g^g^) J(p, -g) 



C(d/2 - 1)2 0(rf/2 - cj) ^ 

0(^/2-1)0(^/2-^)2 ^ 
1 (5^. 



d''Z 



dH 



;2[(Z+p)2]"(?-g)2 
[/2]2[(Z+p)2].[(Z_5)2 



d"*; 



M 



Z2(Z+p)2[(/_5)2]. 



(228) 



The expression above is affected by double and single poles in w once we perform an expansion in this parameter, 
which are expected to vanish in order to guarantee a finite result. 
The coefficient of the double pole is easily seen to take the form 
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where the integral vanishes in dimensional regularization, being a massless tadpole. 
The coefficient of the simple pole is instead given by 
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The first term of (j230p vanishes as in the case of the double pole, while for the remaining contributions we use the 
relation 
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It is easy to see that the contributions in the last line in (|230p cancel after inserting the explicit value for the 2-point 

function in (ITM)) . 

The finite part of the expression is found to be, after removing some additional tadpoles, 

(T^, O O) (p, q) - (271)3'* ^(d) ^k+p + q)a 

[ 0(d/2-l)3 

\ d(d-2)2 



4(d- 1) J^^ip, -q) - 2 {d - 1) {q^ -p^)J^{p,-q) + {q^ -p^)J^ip,-q) 



+ { d iPf,q„ + p„q^) - (d - 2) {p^p,, + g^g,,) ) J(p, ~q) 
C{d/2 - 1)2 



dT:d/2 2dY{d/2) 
C{d/2 - 1) 
Zd2-^d+i^dY[d/2Y 



(7 - log 4 - ^(d/2)) (/(p) + I{-q)) + (/L(p, 0, -q) + IL{-q, 0,p)) 

12(7-log4-^(d/2)) (/L(p,0,0) + /L(-q,0,0)) 

- 3 {lLL{p,p, 0, 0) + 2 /LL(p, -q, 0) + /Li(-g, -g, 0, 0)) 



(232) 



44 



where now also double logarithmic integrals have appeared. Using the relations (I188P and (|23ip . the terms propor- 
tional to (7 — log 4 — -0(^/2)), which are just a remain of the regularization procedure, cancel out, leaving us with 
the simplified result 
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It is slightly lengthy but quite straightforward to show that (|233l) can be re-expressed in terms of ordinary Feynman 
integrals. This can be obtained by reducing all the tensor integrals (logarithmic and non-logarithmic) to scalar 
forms. After the reduction, one can check directly that specific combinations of logarithmic integrals can be 
expressed in terms of ordinary master integrals. In this case these relations hold since the integrands of the 
logarithmic expansion (linear combinations thereof) are equivalent to non-logarithmic ones, given the finiteness of 
the correlators. Obviously for a correlator which is not integrable such a correspondence does not exist and the 
logarithmic integrals cannot be avoided. This would be another signal, obviously, that the theory does not have a 
realization in terms of a local Lagrangian, since a Lagrangian field theory has a diagrammatic description only in 
terms of ordinary Feynman integrals. 

We conclude this section with few more remarks concerning the treatment of correlators with more general 
scaling dimensions (2A). For instance one could consider correlators of the generic form 

In this case their expression in momentum space can be found by applying Mellin-Barnes methods. They can 
be reconducted to integrals in momentum space of the form 

'^'''''''^'''^^ I WWW^wkiiTp)^ ^'''^ 

vi = d/2 -A,- Aj + Ak V2 = d/2 - Aj - Ak + A, v^ = d/2 - Afe - A^ + Aj (236) 

which can be expressed [l3| in terms of generalized hypergeometric functions -F4[a, 6, c, d; a;, y] of two variables 
(x,y), the two ratios of the 3 external momenta. The computation of these integrals with arbitrary exponents at 
the denominators is by now standard lore in perturbation theory, with recursion relations which allow to relate shifts 
in the exponents in a systematic way. The problem is more involved for correlators which require an intermediate 
regularization in order to be transformed to momentum space. In this case one can show, in general, that the 
pole structure (in 1/uj) of these can be worked out closely, but the finite 0(1) contributions involve derivatives of 
generalized hypergeometric functions respect to their indices a, 6, c, d. The latter can be re-expressed in terms of 
poly-logarithmic functions, which are typical and common in ordinary perturbation theory, only in some cases. The 
possibility to achieve this is essentially related to finding simple expansions of the hypergeometric functions around 
non integer (and not just rational) indicial points. For integrable correlators the analysis of Mellin-Barnes methods 
remains, however, a significant option, which will probably deserve a closer look. 
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9 Conclusions 

In this work we have tried to close the gap between two analysis of several CFT correlators, such as the TVV and 
TTT vertices, characterized by the presence of one, two and three gravitons on the external lines. We have tried to 
map position space and monientum space approaches, showing their interrelation. We have used free field theory 
realizations of the general solutions of these correlators in order to establish their expression in momentum space. 
These expressions, obviously, remain valid for any CFT. We have also drawn a parallel between the approach 
to renormalization typical of standard perturbation theory and the same approach based on the solution of the 
anomalous Ward identities, as discussed in 
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18|. As a nontrivial test of the equivalence of both methods in 
4 dimensions, we have verified that the counterterms predicted by the general analysis in position space coincide 
with those obtained from momentum space in the Lagrangian predictions obtained from one-loop free field theory 
calculations. 

In our approach, based on dimensional regularization, the anomaly is generated by tracing in 4 dimensions 
the renormalized vertex, and in some cases, such as in the TVV vertex, it can be thought as due to a single 
specific tensor structure. This is characterized by the appearance of an anomaly pole. In the TTT case, the 
explicit expression of this vertex that we have presented is the starting point for further analysis. For instance 
it is a necessary intermediate step in demonstrating the correspondence between general CFT calculations in d- 
dimensional Euclidean position spac e, p erturbative calculations by Feynman diagrams in momentum space, and 



the anomaly effective action of 30, |24|, |26|, |25|. This will remove a possible objection to the anomaly effective 



action raised in [18| ) by the consistent inclusion of all the terms required by conformal invariance, including the 
non-anomalous ones for which the anomaly effective action is mute. The origin of an effective massless degree of 
freedom (an effective "dilaton-like" field) coupled to gravity in the Standard Model will then be made fully explicit. 
As we have mentioned, this point has already been proven in the TVV case [2l|, [sl \^ and is expected on general 



grounds of anomalous Ward identities and the associated non-trivial cohomology of Weyl transformations [24 1 . 

We have also discussed a general algorithm that should prove useful to regulate and map correlators from 
position space to momentum space, and we have illustrated how to perform such a mapping in a systematic way 
with a number of examples. The method can be applied in the analysis of more complex correlators, for which a 
manifest proof of finiteness may not be available. The power of the approach has been shown by re-analysing finite 
conformal correlators investigated in the first part, offering a complete test of its consistency. 
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A The computation of TTT 

A.l Definitions and conventions 

The covariant derivatives of a contravariant vector A'^ and of a covariant one B^ are respectively 

W.A'' = d,A^ + T^^pAP , (237) 

V,B^ = d,B^ - TP^Bp , (238) 
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with the Christoffel symbols defined as 



r;3^(^) = ^g°""iz) i-d^gp^iz) + dpg^^iz) + d^g^p{z)] . 
Our definition of the Riemann tensor is 

pA o pA o pA I pA -pTj pA p?7 

The Ricci tensor is defined by the contraction i?^^ = R^ fj,xu and the scalar curvature by i? = g^'^Rf^^. 
The traceless part of the Riemann tensor in d dimension is the Weyl tensor, 



(239) 



(240) 



Ca0^S — Ra/StS — -J ;r(.9Q7 Rsp + gaS Rjf! — 3/37 RSa — gpS R-)a) + 



{9a'ygsp + gasg'y0)R- (241) 



^_2V,"7""A^ ■ ^"O-^.,^. ^p.,^^„c. ^^^"-'"^ ■ (rf_l)(rf_2) 

and its square, F"^, whose d — 4: realization, called simply F, appears in the trace anomaly equation ([1]), is 



pd ^ c^^-f^Ca^p^s = R^^^^Ro. 



/37<5 



d-2 



-,Q/3 



R'^'^Rcp + 



(d-2)(d-l) 



R' 



The Euler density is instead 



G = R°''^'^^Rafi'yS - 4 R°''^Raf! + R^ ■ 

The functional variations with respect to the metric tensor are computed using the relations 

SV^ = -^\^9ai3 Sg"''^ Sy/^ = -^f^g"'^ Sg^p 

bg^u = -g^cg.a 5g^^' ^g^^" = -g^^g"^' 5g^p 

The following structure has been repeatedly used throughout the calculations 

5g"P{z) 1 .,„, 



(242) 
(243) 



aP^S 



5{z,x) 



[S'^-^S'^^ + 5''^5^^]5{z,x) 



Sgjsix) 2 

B Functional derivation of invariant integrals 

In this appendix we briefly show how to evaluate the functional variation of the invariant integral X(a, b, c) 

I(a,&,c)= I d'^xy/^K = I d'^xy/^{aR°'I^^^Rabcd + bR"f^Rcp+cR^), 
needed to compute the countcrtcrms found in section 



(244) 



(245) 



(246) 



Our index conventions for the Riemann and Ricci tensors are those in (|240p . We have 

SiR'^f'^'R^p^s) = S{gc.^g^^g^ig'PR"p^sR%Cp) 

= 5(g„,/ V^ff''')i?"/375^%CP + 9c.ag^''9^^9''SiR"p^sR%Cp) 

= S{ga,,g'''^g^ig''')R"p^sR%CP+ '^S{R"pis)RJ''' , (247) 



Using (|244p and (|245p and the product rule for derivatives one easily finds out that the variation can be written at 
first as 



dl(a, b, c) 



I d'^x V^ I ^9""^ - 2a Rt^^/^fR^p^ - 26 Rt"^R\ - 2c RRt"' 
+ 2a rJ^^5R"p^s + 26 R^^SRc^p + 2c Rg^^^SR^p 



Sg^iu 



(248) 
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Exploiting the Palatini identities, 
and the Bianchi identities we get 



6RpS = {Sr^px);S - (<5r^,);A 



RpS;7] — Ri3tr,s + R"' i35tr,i — 



(249) 



^ R.,s = 2R"s:c. ^ (i?"'3-i5"^i?).^=0. 



(250) 



After an integration by parts and a reshuffling of indices we get 



5T{a, b, c) 



(Tx^f^ 



^g^'^K - 2{aR^'°'^-'R\fi^ + bR'"^R\ + cRR^"" 



Sgfj.v 



+ Aag^pg'^iSKs);n " (4a + 26) (STl^).,, + (4c+ 26) (<Sr^J;^ 



(251) 



The variations of the ChristofFel symbols and of their covariant derivatives in terms of covariant derivatives of the 
metric tensors variations are 



1 



5r^^ = g-^[-(Sgp^).,s + i5gps):^ + iSg^5);p], 



Now we use them to rewrite (|25ip as 



(252) 



S2{a, 6, c) 



d'^xv^c 



Igf^'K - 2(a R'"'^'' R\p., + bR''"R\ + cRR^' 



^^ll' 



2a [ - {6ga5);l3;j + iSgal3);jiS + iSgi3s);a;j] 
(2a + b)[- {Sgap)-S;f + (Sgas)-/!;-, + {SgfS5);a:,'y] + (2c + 6) {Sg^s);a:0 



- 2C [ - iSgjs);a;l3 + iSgaS);j;l3 + iSgaj);S;p] 



g-yS ^a/3 



(253) 



The presence of the factor g'^'^R"^^ imposes two symmetry constraints on the terms in the last contribution in square 
brackets. By adding and subtracting —(4a + 26) {Sgac):d:b we obtain the expression 



61{a, b,c) = I dfix v^ 



ig^'^X - 2{a R''"^^ R\p^ + bR^'°'R\ +cRR^''' 



Sg, 



fj,iy 



(4a + 26) [{Sgaj).p.s - {Sga^)-S;i3] + (4a + b){Sgai3)-^-s + (4c + 6) {Sg^s);a:0 

"^^ R"^ )■ . (254) 



-(4a + 26 + 4c)((5.ga^);5;/j 
The commutation of covariant derivatives allows us to write 

5^* [iSgo.j)-p-5 - i6gc.y)-5-M R"^ = g''^ [ - 5gc.aR%sp - Sg-^.R" ^ps] R"^ 

= (-i?'^"i?''„ + i?^"''^i?„^)%, . (255) 
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Inserting this back into (|254p we get 
51{a, b, c) = 



^g^'^K - 2a Rt"'f^'' R" o^Oj + 4a R^'°'R''o. - (4a + 26) Rt'°"'^R^p - 2c RR^"' 



Sgt^u 



(4a + 6)(<5g„^);^;5 + (4c + 5) iSg-fs);a:P - (4a + 26 + 4c) {Sgo,-f);S:P 



7<5 ^Q^ 



(256) 



If the coefficients are a = c = 1 and b — —4, i.e. if the integrand is the Euler density, the last three terms are zero. 
All that is left to do is a double integration by parts for each one of the last three terms, to factor out Sg^j.^- This 
is easily performed and the final result can be written as 



sg 



-Z(a, 6,c) 



Hiy 



Sg 



- f df^x V^{a R"^''^ Rafs^s + b i?"^i?a;3 + c R^) 

lU J 

^,{\,^^K - 2„«---iiV„ + 4„i.-"«V - (4„ + ^)R^-'R., - 2.RR^' 



(4a + b) DR"" + (4c + b) g"" R"^ .^.p ~ (4a + 26 + 4c)i? 



1/0 '1^ 



(257) 



C List of functional derivatives 



We list here the contributions to the trace anomalies for three point function coming from the elementary quadratic 
objects. They are given by 

[ni?]"^''^(p,g) = [g'^'^{d,d.~rld,)Rr''^{p,q) 

= ^'{p + qf[R^''^ip,q)-{^'q'^q^-S'^'^[T'^X^ip)^q,}R'"^iq) 

- {^2p>--<5^''[^^J''"(q)^pA}i?"^(p) 

= {p + q)^f- ^S'^^ipPq^+p'^qP + 2p>") - ^S^^ {q'^p^ + q^'' + 2 g"(? 

+ \p-q S^'/^SP" + i {pPq^S'"' + pPq-^Sf^" + p'"/(5"'' + p^q^S^P) 



■^nl^\ 



{qPp^S"" + qPp^S^" + q^p^S^P + q'^p'^S^P) 



+ 6°'P{p'^p'' + q'^q") + S"''{p^pP + q^qP) + S'^P{p°'p'' + q"q") 

+ 6^''{p°'pP + q^'qP) - {5'"'6f^P + d^'PS^") (p2 + g2 ^ |p . q) 

+ \ {P'5'^^ - P>^) {P -qSP" - {pPq"" + p^qP) - 2p>") 

+ \ il'^SP'^ - fq^) {P ■qS''^ - (p'^q^ + p^q'') - 2 g"q^) . 



[R,,..R'P^T"'^ip,q) = 2[i?,,..]"'^(p)[i?^^-]'"^(g) 

= p-q[p- q{S°'P5f^" + S^'^Sf^P) - {S'^Pp'^q^ + S°"'pPq^ 
+ S^Pp-^q" + S/^^pPq")] + 2pPp''q"q'^ , 
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jj^-lQ^pO- , 



1"^/ 



]rp^{q°'qP5^'' + q^g'^^'^" + qf^qPS""" + q^q^S^P) 



+ 2 -5"^ {p ■ q [pPq^ + p^qP) - g^p V) + (", /3, p) O (p, a, g) 



= 2{p°'p^qPq'' - p^qPq"5°'l^ - q^p^'p'^SP" + p^ q^S°''^SP^) 



The dependence on the momenta is obviously determined by ((25 



(258) 



D Vertices 

We have shown in Fig. [3] a Hst of all the vertices which are needed for the momentum space computation of the 
various correlators in d dimensions. We list them below: notice that they are computed differentiating the first and 
second functional derivatives of the action, because this allows to keep multi-graviton correlators symmetric (see 



V^;4p, q) = ^ Pa qp C'"'"^ + X [SP'' {P + qf - {p^ + q^ (p" + q") ) 



Kl^ip^'i) 



A^""^7a {px-qx) 



VrAAiP^l) = 



p • qC''''™ + DP''^^{p,q) + -EP^'^^ip^q) 



^ \ fll/TUJ 

Vtaa + 7 Vtaa j {p, q), 



V^UP^q) - VP;^{p,q) 



x=o 



for the graviton (T)- to two scalars (0), fermions, photons and ghost pairs. Quadrilinear interactions involving 2 
gravitons are far more involved and are given by the expressions 



'^TrZiP'l'^) 



- p ■ qsP^P" - - GP^P^ip, q) + - (5'"" Pa, qp CP""^ 



X 



gfiX gOLK gyp _|_ gtj.a gyn gPX _ gfiK gyX ^q/3 _ gfiy gaX g/pK, \ ^pcr 



^ - gp'^ I SP°' (5"^ — S^'' S"^ 



[Pa qp +Ppqa+ Pa Pji + qa qp) 



KpY^i) 
[RapY\i) 



-5^^ 



„P'^ ; „ aP<^ ;,, „ sP"^ / 



- -^iA^ipr{i)+^hKpr{i). 
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' TTipTp ^ 



1 

16 






^Tt!4a"(P'9,0 = -o 



4 



^a/^^A^b,?) + i( ff^'^'"^™(p,g,0 +/^'^^"™(P,'Z,0 



4 



p • gC^"'™ + D^''™(p, q) + -£;^'^™(p, g) 



= (V^TAyib, (?) + Vttaa{p, (?, 0)' 



VxTEciP^l^l) = "^TT00(P''?'O 



(259) 



x=o 



describing interactions similar to those shown above in the trihnear case, but now with the insertion of one extra 
graviton. We have simphfied the notation by introducing, for convenience, the tensor components 



fii^pa 



1 



(^St'PS'"' + S'^'S'^P) , 



^fivaX _ 2 gpi^ jaA _ gap gXv _ gav gXp 



j^appafSXju _ ^appcr gf3X g^u _|_ ^pXpa gap pv _|_ ^ivpa gap gfiX 



(jpvpa _ gPPg^<^ _|_ §P<^ S^P — Sf^^S^" 



D'"'"'"" {P, q) = S'^'p'^qP + SP" {pPq" + p^qP) - SP" p" qP - SPPp^q" - S'^'pPqP - S^Pp^qP 

EP^P^ip, q) = SP" [pPp" + qPq" + pPq"] - [S'^'pPpP + S^PqPq" + SP^p^pP + SPPq^q"] , 

ppuparu, (p^ ^^ ^ -S^PS'^Pp'^q'' + S'^PS'^^'p'^qP + S'^'S'^PpPq" - 5^" S'^'^pPqP + (r, p)^{uj, q) 

GP'^P" {p, q) = SP" [pPq"" + qPp""] + S""" [pPqP + qPpP] + 5PP [p" q"" + q" p''] + S'^P [p" qP + q" pP] 
- SP" IpPq" + qPp"] 



HP''P''^'^{p,q,l) 



fpu^pa guX ^ ^^Xpa gpS\ p^^r ^ gp^ fxr pa ;^ ^ s^^ P" pA px 

+ (r,p) ^ {uj,q) 



+ -5P^ ip + iy { - r dP" + 2 h s^^P" ]+{^l^ly) 



jpuparu, ^p^ ^^i^ ^ sp"}^- sp" r ip + q + If - s^^p" 



q'^Px + lx [p + q + iy 
P^'P" Ip'^p^ + q'^pn +{T,p)^{LJ,q). 



Xujpo- 



p" px + qx {q + lf 



(260) 
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We have performed all our computations in the Feynman gauge (^ = 1) The Euclidean propagators of the fields in 
this case are 



(00) (p) = 



1 

f) p^ 



P 
{cc}{p) = ^. (261) 

E Comments on the inverse mapping 

In this appendix we offer some calculational details in the derivation of the expression of the TTT correlator in 
position space. The remarks apply as well to any other correlator. 

For example Eq. (fM|) refers to the contribution coming from the triangle diagram shown in Fig. [2 We assign the 
loop momentum / to flow from the upper external point (xa) to the lower one (0:2) on the right, the other two flows 
being determined by momentum conservation. We denote the third external point as Xi. For the scalar case, for 
instance, the complete one-loop triangle diagram is 

d'^i v^;4^ - g. -^ - p)vs;4^, -I + q)VT^4^ + p, ~i) 

(27r)'* P {I - q)^ {I + p)^ ^ ^ 

The vertices are defined in Eq. (j259p . The first argument in each vertex denotes the momentum of the incoming 

particle, the second argument is the momentum of the outgoing one. A typical term appearing in the loop integral 

is then 

d'^l U' l" {l+p)P {1+pY{1 - q)" {I - if 



^~J {2ttY P{l~qY{l+pf ■ ^^^^^ 

From p82|) the propagators in configuration space are 

l2{l_qY{l^pY = ^(1)' J '^''2;i2 d''x2S d'*X31 (^2^)d/2-l (^2^)^/2-1 (a^^J'^/^-l ' ^^"^^^ 

where Co) has been defined in (I182p . It is straightforward to see that (|263p is given by 
dH I'' F {I + p)P {I + pY il ~ q)-^ {I - qf 



I 



{2nY P{l-qY{l+pY 

1/3 



rn^3 f dH , , , {-zY d^, d^, d§, d^, 9f2 df, e' [^^23+(^-.)■^l.+(/+P)■^3.] 



(265) 



We can now integrate by parts moving the derivatives onto the propagators, getting 

dH 



I = C{lY J ^d''x,2d''x23d''x3,e'^'- 



i ll-'-C23 + {l~q)-Xl2+(l+p)-X3l] 



X * ^23 ^23 ^31 ^^1 ^12 ^12 /^2 )d/2-W2,2 )d/2-W^2 \d/2-l ' (2^^) 



The second line is immediately identified with the coordinate space Green's function. 

This can be done for each term of (|262p . justifying the rule quoted in section 221 that we have used for all the 
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inverse mappings of the paper. According to this the correlators in coordinate space can be obtained replacing the 
momenta in the vertices with "i" times the respective derivative which then act directly on the propagators after a 
partial integration. 

The same arguments could be applied to the bubbles. Nevertheless, we have seen in 14.21 that derivatives of 
delta functions appear in the scalar case. These are generated by the dependence of the V,p!^'Y[{p,q,l) from the 
momentum / of the graviton bringing the pair of indices pa (see Eq. (j259p ). They are due to coupling of the scalar 
with derivatives of the metric through the Ricci scalar R in the improvement term (see Eq. (|84| ) and state that 
the graviton feels the metric gradient. We discuss this below, showing how to inverse-map the third bubble in Fig. 
@, getting (EI]). 

This bubble can be seen as the {x2 -^ X3) limit of the triangle and its diagrammatic momentum-space expression 
at one-loop is 

d'l Vr^4l -q,-l- P)V?^Z(1 +P,-l + q, -q) 
(27r)d {l-q?{l+py ■ ^ ' 

As the two propagators are expressed by 

= C(l)2 / d''xi2 d^xsi . , ,.,„_, , „ ,,,„_, , (268) 



the dependence of the second vertex on p cannot be ascribed to neither of them. 
Two typical terms encountered in (|267|) are 

dH {l+p)P{l+pY{l~qY{l-q)P 
{2itY (l-qYil+pY 

d'l {i + pYJi + pYJi-gYp^ ,„.q^ 

{2ttY {l-qYd+pY ■ ^ ' 

The first one is treated at once restricting the procedure used for the three point function to the case of two 

propagators. 

For the second one, the following relation is immediately checked: 

d-^l {l+py{l+pY{l-qTP^ 



{2nY [l-qfil+P? 

(270) 
Notice that an integration by parts brings in a derivative on the delta functions giving 

C(l)2 / -^ d^Xr2 d'x2Z d^Xsi e' ['-- + ('"?)--+(i+rt-X3:] (,)4 gp^ ga^ g^^ ^g^^ _ g^^^p S''ix23) 



27rY " ■" '' '' '' '' ' " "' {xl2Y'''-^ {xliY'^-^ ■ 

(271) 



This approach has been followed in all the derivations of the expressions given in ()4.2p . 

The integration on I brings about a 5^'^>{xi2 + 2^23 + Xzi), so that it is natural to chose the parameterization 

a;i2 = a;i - a;2 , X23 = 2:2 - ^3 , 2:31 = 2:3 - xi . (272) 

A more inviolved example is the 4-particle vertex. For instance the Vtt^^ (* ^31, —i9i2, « (9i2 — ^23)) is obtained 
from VTT<f><f>ip,q,l) with the functional replacements 

p^p^idsi, q^q=-idi2 I ^ l = i {di2 - 82?,) (273) 
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giving 



^TT74,i'^ ^31, -i di2, i (9i2 - 933)) = 
i i 531 • i-i) di^s'^-'P^ - J G'^-'P^i 931, -* 5i2) + lsP''i 931 a H) 9l2/^ C'^''"'' 



jmA ja« Ji^^ _^ ^/.a Ji^K gPX _ ^A'K J^A ^a/3 _ g^^ ga\ gP^ ^ ^ 



-(_ _ JP*^ I ^A"" ^1^^ _ ^Mi^ ^"0 



pa 
Xk 



{idsia i-i)dl2/3 + i 931/3 (-i)9l2Q + iftla iftl/J + (-i)9l2a (-i)9l2/3) 
5'^"^'^^-<5'"'r^V[r^,3]'"'(»(9l2-923))')(-*) (*931A+ H)9i2a) 



+ 1 (^JM« 5-0 ^ 1 JM- 50/3 J I [^^^] P- (^ (5^^ _ 5^^)) 



(274) 



F Regularizations and distributional identities 



We add few more comments and examples which illustrate the regularization that we have applied in the computation 
of the various correlators. 

The computation of the logarithmic integrals requires some care due to the distributional nature of some of 
these formulas. As an example we consider the integrals 



Hi = / d'^l e'^-"" ^ 



211+w 



[I 



We can relate them in the form 



In the two cases we get, using (|182p 



H2 = I d'H e*'-^ ^ 



H3 = / d^W-"" log 



P 



H3 — — t;— ^2 

ooj 



-—H2 

doj 



tj=0 



^°'a;^^ 



tj=0 



0=0 



(4 7r)'^/^r(rf/2) 
(a;2)'i/2 



and 



duj 



^-^^^ '- log(xV') + 7 - log4 - V 



By redefining the regularization scale /i with Eq. (|20ip we clearly obtain from (|278p 



/ 



^.^M!Z^ = 2''-V/^Tid/2 - 1) ^°s" '^ 



and 



H.^O[-H, 



_ 9d-2 rf/2 



= 2''-^n''''r{d/2 - i)n 



2.21d/2-l 

log.T^/l^ 

2]d/2-l 



X 



The use of H2 instead gives 



d 



H3 — —-;r-H2 



2''7r'^/2r(d/2) 



j=0 



„21d/2 



(275) 
(276) 

(277) 
(278) 

(279) 
(280) 
(281) 



Notice that this second relation coincides with (I280p away from the point a; = 0, but differs from it right on the 

singularity, since 

„ logx^u^ , , / tt''/^ 



logix^fi^)S^{x) + 



(282) 



For this reason we take ()280p as the regularized expression of 7J3, in agreement with the standard approach of 
differential regularization. 
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F.l Evaluation of the single log integrals 

The direct method discussed in the second part of the paper, though very general and apphcable to any correlator, 
introduces in momentum space some logarithmic integrals which are more difficult to handle. They take the role 
of the ordinary master integrals of perturbation theory. The scalar integrals needed for the tensor reduction of the 
logarithmic contributions in the text are defined in (|22ip . After a shift of the momentum in the argument of the 
logarithm, a standard tensor reduction gives 



/L^(0,pi,p2) 
CLi{pi,p2) 

CL2{pi,P2) 



CLi{pi,p2)pif^ + CL2ipi,P2)P2fi, 
(Pl^ -Pl ■ P2)P2^ IL{Q,pi,p2) + {P2^ - Pl ■p2)ILt',,iO,Pl,P2) 

2(P1 ■P2)^ -Pl^P2^ 
{P2^ -Pl ■ P2)pi'^ IL{0,pi,p2) + jpi'^ - Pi ■p2)IL''f,{0,pi,P2) 

2(P1 ■P2)^ -Pl^P2^ 



(283) 



To complete the computation of the VVV correlator we need the explicit form of the logarithmic integrals in terms 
of ordinary logarithmic and polylogarithmic functions. We define 



I = d^'l 



{i + PiY{i^P2Y dx 



d'H 



^^ 



2\ 



{P)Hi+pi?{i-P2)\^,- 



(284) 



The logarithmic integral is identified from the term of 0(A) in the series expansion of the previous expression. 
Because the coefficient in front of the parametric integral starts at this order, we just need to know the zeroth order 
expansion of the integrand, which we separate into two terms. The first one is integrable 



h 



\r^v^Y-' 



\r(y'^'-' 



0(A) 



7-(0) 



0(A), 



(285) 



while the last term has a singularity in i = which must be factored out and re-expressed in terms of a pole in A 



h = 



i^^t-(x/t)i— ^ 



-A 



l-e-A r 



1-e 



dt 



1 



A Jo A{ty-<' dt 



X 



1-e 



A 



1 - (e - 1) / dt 



1 



t' 



1 



1 



^ + (^-^)/o'W 



A{ty-^ \t-ti ' t-t2 
1/1 1 



logx+(e-l) / 
Jo 



A{tY-^ 



t-ti t-t2 

1 1 



t-ti 



t-t-. 



0(A) 






r(0) 



0(A), 



(286) 



where ii and ^2 are the two roots of A{t) = yt^ + (1 — a; — y)t + x. We are now able to write down the full A-expansion 
of J(l, 1, A) and to extract the logarithmic integral X 



r(i-e)r(2-e)r(6) i 



(jpiY 



r(2 - 2e) 



1 



II 



(0) , .(0) 



(287) 



The previous expression can be expanded in rf = 4 — 2e dimensions in which it manifests a 1/e pole of ultraviolet 
origin 



T = 



iplY 



-i + 7 



A{x,y) + eB[x,y) 



0(e) 



(288) 
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where A{x, y) and -B(x, y) are defined from tlie e-expansion of tlie two integrals /} and I2 as 



A{x,y) = x\ogx+ j — -- 



yt-x\og{t/x) 



1 2 f dt 

B(x,y) = -x\og x+ — — 



t-ti t-t2, 
yt (log (t - ii) + log (t - fa) - 2 log t) 



a; log (t/x) [ ^-i^ + ^-i^ ) (log {t - h) + log {t - ta) - log (x/y) - 1) 



(289) 



(290) 
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